Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 






40. 



S^3. 



AKITHMETIC 



AND 



ALGEBRA, 



COlfBININO THE MOST -IMPORTANT PARTS OF THOSE SUBJECTS} 



WITH 



A VARIETY OF EXAMPLES. 



1842. 



THE PRINCIPLES 



OF 



ARITHMETIC, 



COVTAZHXHO 



A VARIETY OF EXAMPLES FOR PRACTICE, 



WITH A SUFFICIENT NUMBER WORKED AT LENGTH TO SHEW THE 
SOLUTION OF EVERT DIFFICULTY ANTICIPATED. 



BY 

W. C. HOTSON, M.A. 

PXMBEOKB COLLXOX, CAMBKIDOE. 



SECOND EDITION. 



CAMBRIDGE : 
PUBLISHED BY T. STEVENSON; 

AND BT 
WHITTAKER AND CO., SIMPKIN, MARSHALL, AND CO., AND 

SHAW AND SONS, LONDON. 



MD.CCC.XL. 



S^'h. 



CAMBRIDGE: 



ADVEKTISEMENT. 



On the publication of the Second Edition of his 
Arithmetic and Algebra, the Author has only to ob- 
serve, that he has re-written whatever appeared to be 
too concise or difficult for the student, and that he has 
added a great number and variety of examples for 
practice. 



N.6. The Arithmetical and Algebraical portion of the 
Schedule of Mathematical subjects for Examination for the 
Degree of 6. A. will be found at the end of the Algebra. 



CONTENTS. 



Art. Page 

1— 5 DefinitioiiBy &c. .. 1 

6 — 81 Vulgar Fractions .. 2 

6 — 10 Definitions .« .. .. 2 

11 To multiply a fraction by any number .. •• 8 

12 To divide a fraction by a given number . • 8 
18 If both the numerator and denominator of a fraction be 

multiplied or divided by the same number, the value 
of the fraction is not altered . . . . 4 

14 To express an integer as a fraction having a given de- 
nominator •• •• •• •• 5 

16 To reduce an improper fraction to its equivalent whole 

or mixed number .. •• .. 5 

16 To find the greatest common factor of any two numbers, 

and to reduce a fraction to its lowest terms . . 6 

17 To find the greatest common factor of three or more 

quantities . . • • . . . . 9 

18 Some properties of numbers, by which common factors 

may frequently be discovered . . . . 10 

19 To divide expressions which consist of numbers with 

the signs of addition, subtraction, or multiplication 
between them . • • • . . 11 

20 To transform any number effractions having different 

denominators to other equivalent fractions with a 
common denominator .. .. .. 12 

21 To find the least common multiple of any two or more 

numbers .. .. .. •• 14 

22 To transform fractions with different denominators to 

others of equal value, having the least common mul- 
tiple of their denominators for a common denominator 1 6 

23 To compare the values of fractions •• .. 17 

24 Addition of Fractions .. .. .. 18 

25 To convert a mixed number into an improper fraction 20 
26— >29 Subtraction of Fractions ,. .. •• 21 



CONTENTS. 

Art. Page 

SO Multiplication of Fractions . . . • . . 24 

31 Division of Fractions .. •• ••27 

32 — 4,1 Decimal Fractions .. .. ..29 

82 — S3 Definitions and explanations . . • • 29 

84 To express a vulgar fraction by means of a decimal 

fraction • • . . . * . • 3 1 

35 To transform a decimal fraction to its equivalent vul- 

gar fraction •• .. .. ..33 

36 Approximation to the values of decimals . . 36 

37 Addition of Decimals • • . . • . 37 
88 Subtraction of Decimals • • . . • • 40 

39 Multiplication of Decimals ..' •• •• 41 

40 Division of Decimals . . . . . . 43 

41 To find the exact sum, difference^ product, and quo- 

tient of any two recurring decimals • • . . 47 

42 Compound Numbers and the Tables .. ..47 
43 — 44 Explanatory Notes (including the history of the Ca- 
lendar) .. .. .. •• 51 

45 Reduction of Compound Numbers • • . . 57 

46 Addition and Subtraction of Compound Numbers . . 66 

47 Multiplication and Division of Compound Numbers. . 68 

48 The computations of artificers by cross-multiplication 70 

49 The mensuration of brick-work . . • • . . 73 

50 — 78 Ratio and Proportion, and their practical applica- 
tions •• .. .. ..74 

65 Simple Proportion, or the Single Rule of Three . . 79 

66 Practice . . • . . . . . 83 

67 Compound Proportion . . . . . . 84 

68 — 70 Interest — Simple and Compound . . . . 86 

71 Commission, Brokerage, and Insurance . • •• 89 

72 Discount •• .. .. ..89 

73 Equation of Payments .. .. ..91 

74 Stocks . . . • ' . . . . 92 

75 Bankruptcy . . • • . . . . 93 

76 Partnership • • . . . . . . 94 

77 — 78 Exchange . . . . . . . . 94 



ARITHMETIC. 



Art. 1. In order to estimate the relations of quantities 
by means of numbers, which is the object of the science 
termed Arithmetic^ it is necessary to fix upon some definite 
portion as a standard. 

This standard, which is the foundation of our various 
calculations, is denominated Unit.* thus, a second may be 
the unit of time, an inch or a foot may be the unit of 
length, a pound that of weight, and so on for any deno- 
mination of things or their qualities. 

2. An unit, or the aggregate of any number of units, 
is called an Integer or Whole Number, 

3. The expressing of numbers by figures, or Digits (as 
they are called, from the old custom of reckoning by the 
fingers), is termed Notation; and the reading, or estimating 
of numbers so expressed, Numeration. 

4. The common system of NotatioHy or that in which the 
local values of the figures is ten times their simple value, 
for every place they are removed to the left of the place of 
units ; together with the fundamental operations of Addition^ 
Subtraction^ Multiplication, and Division of Integers, is 
here presuined to be understood, being commonly taught 
orally. 
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5. l^he operations of Arithmetic, in many cases, are aided 
by signs or abbreviations^ some of which are the following:-— 

. * . is an abbreviation signifying therefore. 

The sign = signifies that the two quantities between 
which it is placed are eqtuiL 

The sign +> called phtSf and — , called minus, indicate 
respectively the inverse opeirations of addition and subtrac- 
tion : thus, 9 + 3 = 12, and 12-3 = 9. 

The sign x, into, and -;-, by, indicate respectively 
those of multiplication and division : thus, 9x3 = 27, 
and 27 -T- 3 = 9. 

Division is also indicated by writing the dividend over 
the divisor, with a line between them; in which case the 
expression is called a Fraction. 



FRACTIONS. 

6. As an integer denotes an unit or the aggregate of any 
number of units, so a fraction represents a part or any num- 
ber of equal parts into which an unit is divided. 

7. The integer below the line, or the divisor, denoting the 
number of parts into which the unit is divided, and therefore 
indicating their value compared with the unit, is termed the 
Denominator: that above the line, or the dividend, shewing 
how many such parts are taken, is called the NumercUor. 

8. When the numerator is less than the denominator, the 
fraction is called a Proper Fraction, as - , -, &c. 

9. When the numerator is equal to, or greater than the 

3 7 
denominator, it is called an Improper Fraction, as - , -, &c. 

%} o 
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10. A quantity consisting of a whole number and a frac- 
tion is called a Mixed Number^ as 6^9 which represents 

o 

5 
6 units together with - of the unit 

11. To muMply a^Jraetum by any number. 

Multiply the numerator by that number, and retain the 
same denominator. 

15 ^^""15' 

4 8 

for the unit in each of the fractions —- and r— is divided 

15 15 

into 15 equal parts, and the number of those parts taken in 
the latter b twice the number in the former fraction. 

Or, when the denominator of the fraction is divisible by 
the given number, divide it by that number; for the fraction 
will thereby be multiplied by the given number, and the pro- 
duct expressed in lower terms. 

4 _ 4 

15 ^ ^*"5' 

for, the same number of parts is taken in both of the frac- 

4 4 

tions --- and -, and the unit being divided into three times 
15 5 

4 4 

as many equal parts in -- as in - , each of the parts in the 

15 5 

latter is three times each in the former ; therefore the latter 
fraction is equal to three times the former. 

12. To divide a fraction by a given nuwher. 

Multiply the denominator by that number, and retain the 
same numerator. 

3 - _ J. 
4"^*~16' 

for the same number of parts is taken in both of the frac- 



4 ARITHMETIC. 

3 3 

tions 7 and r^, and the unit being divided into four times 
4? Id 

as many equal parts in the latter as in the former fraction, 

each of the parts in the latter is one-fourth of each in the 

former; therefore the latter fraction is one-fourth of the 

former. 

Or, when the numerator of the fraction is diyisible by the 
given number, divide it by that number, for the fraction will 
thereby be divided by the given number, and the quotient 
expressed in lower terms. 

i.-3-^. 
10 • 10' 

9 3 

for the unit in -— and j- is divided into the same number of 

equal parts, and the number of those parts taken in the latter 
is one- third the number in the former; therefore the latter 
fraction is one-third of the former. 

13. ^ both the numerator and denomincUor of a fraction be 
multiplied or divided by the same number, the value of the 
fraction is not altered. 

For, if the numerator be multiplied by any number, the 
fraction is multiplied by that number; and if the denomi- 
nator be multiplied by the same number, the fraction is di- 
vided by it: or, if the numerator be divided by any number, 
the fraction is divided by that number ; and if the denomi- 
nator be divided by the same number, the fraction is multi- 
plied by it. That is, if both the numerator and denominator 
of a fraction be either multiplied or divided by the same 
number,, the fraction is both multiplied and divided by that 
number, and therefore its value is not thereby altered. 

3 _ 3 X 3 _ 9^ _ 9 X 10 __ 90 
8 "" 8 X 3 "" 24 "" 24 X 10 240' 



or 
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90 _ 90-f-lO _ 9 _ 9-1- 3 _ s 



240 240—10 24 24 -r S 8 
Corollary. Hence, multipliers, or FiuioTBj as thej are 
frequently called, which are common to both the numerator 
and denominator, may be cancelled, and the fractions or 
fractional expressions will thus be reduced to lower and 
more simple terms. 

14. To express an integer as a fro/edon having a given 
denominaior. 

Multiply the proposed number by the given denominator, 
and the product will be the numerator of the fraction re- 
quired. Thus, 306 expressed as a fraction whose denomi- 
nator is 7, is 

306 X 7 2142 
— .^or— ; 

for, since each unit is supposed to consist of 7 equal parts, 
2142 or 7 times 306 of those parts are equal to 306 units. 

In the same manner 3, 6, 9, 12, 15, and 5, written as frac- 
tions whose denominators are respectively 4, 7, 10, 13, 16, 
and 1, are 

12 42 90 156 240 5 

T^ T' 10' 13 ' 16 """^ r 

15. To reduce an improper fracHon to its equivalent whole 
or mixed number. 

Divide the numerator by the denominator, and the quo- 
tient will be the whole number ; and if there be a remainder, 
place it over the denominator, and the fraction thus formed 
annexed to the whole number will be the mixed number 

required. 

34 .4 

T = ^5' 
for the unit being divided into 5 equal parts, and 34 such 
parts being taken, there are 6 units and 4 such parts. 

b2 
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In the same manner the mixed or whole numbers respec- 
tively corresponding to the fractions 

9 15 21 99 136 72 

8' Y' l6' 20' 7 *'°'* 6 ' 

are 1-, 5, 1 — , 4^, 19- and 12. 

16. To find the greatest common factor of any two numbers^ 
and to reduce a fraction to its lowest terms. 

If the numerator and denominator of a fraction be divided 
by any factor common to both, as in Art. IS, the fraction is 
reduced to lower terms; and if this process be repeated until 
there is no factor common to both, the fraction is reduced to 
its lowest terms. But if they be divided by their greatest 
common factor, the fraction will be reduced at once to its 
lowest terms. This factor the multiplication table will in 
many cases suggest. Thus the greatest common factor of 
15 and 35 is 5, and 

15^ _ 15-7-5 _ 3 
35 35 -r 5 7 ' 

When the numerator or denominator, or both of them, ex- 
ceed the limits of the multiplication table, other means of 
ascertaining the greatest common factor must be used. For 
instance, let it be required to find the greatest common 

78 
factor of 78 and 324?, in order to reduce the fraction — - 

to its lowest terms. Dividing the greater by the less, we 

have 

324 = 78 X 4 + 12; 

whence every common factor of 324 and 78 is also a factor 
of 12 ; for every factor of 78 is a factor of 78 x 4 ; and if a 
number be resolved into two parts, and a factor of the whole 
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be contained any number of times in one part without a re- 
maindery it must also be contained a certain number of times 
in the other, the sum of the times it is contained in the two 
parts being equal to the number of times it is contained in 
the whole: so that the operation is thus reduced to that of 
finding the greatest common factor of 78 and 12; and, di- 
viding the greater of these by the less, we have 

78 = 12 X 6 + 6, 

therefore, reasoning as above, every common factor of 78 
and 12 is also a common factor of 12 and 6; now the 
greatest common factor of 12 and 6 is obviously 6, there- 
fore 6 is the factor required ; and 

78_ _ 78 -4- 6 _ 13 
324 324 -T- 6 54 ' 

which is the given fraction reduced to its lowest terms. 

The operation of finding the greatest common factor is 
usually written thus, 

78) 324 (4 
312 

112) 78 (6 

72 

6) 12(2 
12 

• • « 

The nature of the process for finding the greatest common 
factor being the same whatever be the fraction proposed, 
the steps above taken suggest the following general rule : 

Divide the greater by the less, and the divisor by the re- 
mainder continually, until there is no remainder; the last 
divisor is the factor required. 
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Ex. 1. Find the greatest common factor of 3860 and 

3860 
4768, and reduce the fraction ■^-. to its lowest terms. 

4j7oo 

3860) 4768 (1 
3860 



908) 3860 (4 
3632 



228) 908 (3 
684 



224) 228 (1 
224 



4) 224 (56 
224 



Hence 4 is the greatest common factor ; and 

3860 _ 3860 H- 4 _ 965 

4768 4768 -r 4 "" 1192' 

* 

which is the fraction in its lowest terms. 

Ex. 2. Reduce the following fractions to their lowest 
terms : 

856 3723 36425 . 107 1241 7285 

Ans, 



936' 46320' 978910' 117' 15440' 195782' 

Cor. 1. In the above explanation of the process for find- 
ing the greatest common factor of two numbers, it is shewn 
that every common factor of the given numbers is also a 
factor of each remainder; whence it is evident that every 
common divisor of any two numbers is also a divisor of their 
difference. Thus, let the numbers be 509 and 524 ; their 
difference is 15, the only divisors of which are 3 and 5, and 
neither of these is a divisor of the given numbers : therefore 
509 and 524 have not a common divisor. 
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Ceiu 2. Whenever we arriye, in the sucoeflBive diTiaion8» 
at a remainder which is not composed of factors^ we may 
condade that the given numbers either have no common 
factor, or that this remainder is their greatest common fac- 
tor. 

The following are some numbers not composed of fi^ctors, 
called Prime Numbers : 



2 19 


47 


79 


433 


2749 


3 28 


53 


83 


541 


8389 


5 29 


59 


89 


647 


4673 


7 31 


61 


97 


761 


5189 


11 37 


67 


179 


857 


7321 


13 41 


71 


257 


953 


9967 


17 43 


73 


897 


1759 


18588 


a these numbers examples i 


aay be made: thi 



any two, say 53 and 179, and multiply both by any number, 
say 9, giving 477 and 1611 ; the greatest common factor of 
these numbers is 9, and 

^ . reduced to its lowest terms, gives ^ . 

1 7. To find the greatest common factor of three or more 
quantities. 

Find the greatest common factor of the first two, then the 
greatest common factor of this and the third, which will be 
the greatest common factor of the first three ; then find the 
greatest common factor of this and the fourth, and so on for 
any number of quantities. 

Ex. 1. Find the greatest common factor of 36> 90, 729 
and 3603. 

The greatest common factor of 36 and 90 is 1 8> of 18 and 
729 is 9, and of 9 and 3603 is 3 ; therefore 8 is the factor 
required. 

Ex. 2. Find the greatest common factor of 12| 16> and 18. 

Ans. 2. 
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Ex. 3. Find the greatest common factor of 28^ 84> 154, 
and S4fS. Ans. 7* 

Ex. 4. Find the greatest common factor of 3779 1079, 
247, and 689. Ans. 13. 

Ex. 5. Find the greatest common factor of 289, 799, 
2533, and 3077. Ans. 17. 

Ex. 6. Find the greatest common factor of 160104, 
461832, and 871736. Ans. 168* 

More examples may be made from the prime numbers, as 
in the preceding article. 

18. By means of the following Properties of NumberSy 
common factors may frequently be discovered, and fractions 
readily reduced thereby to their lowest terms. 

A number is divisible by 
Two, when the right-hand digit is divisible by two, or even, 
as 26, 58, 166. 

ITiree or Ntne, when the sum of its digits is divisible by 
three or nine respectively: as 123, 279, in which 1+2+3 
or 6 is divisible by 3, and 2 + 7 + 9 or 18 is divisible by 
3 or 9. 

Foter, when the number consisting of the two right-hand 
digits is divisible by four: as 1084, in which 84 is divisi- 
ble by 4. 

Five, when the right-hand digit is either or 5 : as 830, 
295. 

Sixy when it is divisible by ttoo (or even) and by three: as 
138. 

Eighty when the number consisting of the three right-hand 
digits is divisible by eight: as 2936, in which 936 is 
divisible by 8. 

Ten, when the right-hand digit is a cipher: as 9530. 
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EleceHf when the two sums found by taking alternate digits 
either are equal, or differ by a number which is diyisible 
by eleven : as 926519, in which 9+5 + 2 = 1+6 + 9, 
and 381909, in which 9 + 9 + 8 differs from 0+ 1 +3 by 
22, which is divisible by 11. 

TtDehe, when it is divisible hjfour and three: as 996. 

All prime numbers, excepting 2 and 5, have 1, 3, 7, or 9 
in the place of units ; but the converse is not true : all 
other numbers are composite, or composed of factors. 



Examples. 



394* 



1 ) Reduce ^^~ to its lowest terms. 
^ 672 



Ans, 



197 
336 



2) Reduce and -^-rr^ to their lowest terms. 



2919 



7452 



A 794 , 51 
973 92 



1312 
3) Reduce to its lowest terms. 



4) Reduce 



2288 
775 
1800 

138 



Ans. 



82 
l43 



to its lowest terms. 



A 31 

Ans. - . 



5) Reduce — - to its lowest terms. 

a\ ^ A 27968 . , 

6) Reduce ■ to its lowest terms. 

3700 

7) Reduce -j^ttttt to its lowest terms. 



Ans, 



Ans, 



23 
29' 

437 
584.' 



8) Reduce 

9) Reduce 



5900 

3872 
92807 

6492 
19644 



to its lowest terms. 



to its lowest terms. 



37 

A 32 
767 



Ans, 



541 
1637 



19. When the numerator of a fractional expression, which 
consists of numbers with the sign of addition or subtraction 



12 ARITHMETIC. 

between them, is to be divided, each of the numbers must be 

divided. 

34 + 8 — 4 

-!— = 17 + 4 — 2 = 19. 

But if the numbers have the sign of multiplication be- 
tween them, only one of them may be divided. (See 
Art. 13.) 

fi "iT 4 >f 12 

^^ =2x4xl2or6x4x4 = 96. 

a 

20. To transform any number of fractions having different 
denominators to other equivalent fractions unth a common de- 
nominator. 

This may be done by multiplying the numerator and 
denominator of each fraction by all the denominators except 
its own. The product of all the denominators will thus be 
made the common denominator, and, by Art. 10, the respec- 
tive values of the given fractions will not thereby be altered. 

112 
E)x. 1. Transform — , -, ^r to equivalent fractions, having 



a common denominator, 
















1 _ 


I 


X 


3 


X 


7 


21 






2 


2 


X 


3 


X 


7 


42 






1 


1 


X 


2 


X 


7 


14 






3 


3 


X 


2 


X 


7 


42 






2 _ 

7- 


_ 2 


X 
X 


2 
2 


X 
X 


3 _ 
3 "^ 


12 
42 


The 


operation 


may 


be written thus, 





1 X 3 X 7 = 21, new numerator for -, 

2 

1 X 2 X 7 = 14, i , 

o 

2 
2x2x3=12, - , 

2x3x7 = 42, common denominator ; 
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21 14? 12 
whence the required fractions are -^ , — •, -- . 

3 2 

Ex. 2. Transform - and ^ *<> equivalent fractions with 

.i 27 , 16 
a common denominator. .ii«*. =7: and — . 

7z rl 

4-5 7 
Ex. 3. Transform - , - , - to equivalent fractions with 

252 225 245 
a common denominator. Ant. — , -— , -zr^ • 

113 2 
Ex. 4. Transform ^ > q , r > tt; *^ equivalent fractions 

2 o 5 19 

. . , . 285 , 190 342 60 
with a common denominator. Ans. -r- ,* -— - , -rzrrz* ^;^' 

570 570* 570 570 

In many cases the fractions found by this method may be 
reduced to lower terms, and still have a common denomi- 
nator; which may be done by dividing all the new numera- 
tors and the common denominator by any common measure : 
and if they be divided by their greatest common measure, 
the resulting fractions will have the least possible common 
denominator. 

Ex, Transform -, -, - to equivalent fractions having 

^ •? 4 

the least common denominator. 

1^__ 1x3x4 _ 12 

2 2 X 3 X 4 24' 

1 __ 1x2x4 _ 8 

3 "~ 3x2x4 ~" 24 ' 

1 _ 1 X 2 X 3 _ 6^ 

4 4x2x3 24 ' 

and the greatest common measure of 12, 8, 6, and 24 is 2; 

6 4 3 
/. the required fractions are - , — , ~. 



c 
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In this example, 12, the required common denominator, 
is the least number which exactly contains each of the de- 
nominators of the given fractions, and is therefore called 
their Ijcast Common Multiple: and this being the case in any 
example, another method^ is to find the least common multiple 
of the denominators, and then to transform the fractions 
into others of equal value, having the least common mul- 
tiple of the given denominators for their common deno- 
minator, by the two following articles. 

21. To find the Least Common Multiple of any two or 
more numbers. 

Ex. 1 . Suppose the least common multiple of 6 and 8 to 
be required: then, by resolving these numbers into their 
factors, thus, 

6 = 2 X 3, and 8 = 2 X 4, 

it appears that the least number which is divisible by 6 and 
8, without a remainder, is 2 X 3 x 4, or 24, found by re- 
jecting from one of them the factor found in both, and 
taking the product of the remaining factors; which is in 
effect dividing the product of the two numbers by their 
common factor, 2: for 

6x8 2x3x2x4 ^ ^ ^ ^^ 

— -r— = •- = 2 X 3 X 4 = 24. 

2 2 

Ex. 2. Let the proposed numbers be 24 and 30 : then 
24 = 2 X 3 X 4, and 30 = 2 X 3 X 5 ; 

whence it appears that the least number exactly divisible by 
them is 2x3x4x5, or 120, found by rejecting from one 
of them the common factors, and taking the product of the 
remaining factors ; which is the same thing as dividing the 
product of the two numbers by the product of their common 
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factors, or by their greatest eominoii factor (Art. 16)9 thus 

24x30 2x3x4x2x3x5 ^ ^ . ^ ,^ 

— ^ = — =2x3x4x5=120; 

6 2x3 

hence the following general rule. 

Rule. To find the least common multiple of two numbers, 
divide their product by their greatest common measure, and 
the quotient will be their least common multiple. 

If there be more than two numbers, proceed in the same 
manner with the least common multiple of any two of them 
and a third number, and so on -until they are ail taken : the 
last quotient will be the least common multiple sought 

Ex. 3. Find the least common multiple of 4, 9, 18, and 45. 
4 and 9 have not a common factor, 
.*. their least common multiple is 4 x 9 = 36; 

36 X 18 
the least com. mult, of 36 and 18 = — =— — = 36, 

lo 

36 and 45= ^ =4x45=180; 

9 

whence 180 is the least number which is exactly divisible by 
each of the given numbers. 

Ex. 4. Find the least common multiple of 3, 7, and 9. 

Ans, 63. 

Ex. 5. Find the least common multiple of 5, 9, 10, and 15. 

Ans. 90. 

^. To transform Jractions with different denominators 
io others of equal value, having the least common multiple of 
their denominators for a common denominator. 

Find the least common multiple of the denominators of 
the given fractions, divide it by the denominator of each 
fraction^ and multiply the corresponding numerator by the 
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quotient : the prodacts thence arising will be the numerators 
of the fractions required. 

The proposed fractions will thus, as in Art. 20, have their 
corresponding numerators and denominators multiplied by 
the same numbers : consequently their respective values will 

not be altered. 

3 7 

Ex. 1. Effect the necessary transformation that — and — 

may have the least comoiMi multiple of their denominators 

for a common denominator. 

Here 12 is obviously the least conunon multif^e of the 

given denominators ; whence 

12 ^ ^3 3x3 9 

— = 3. and — = = — , 

4,— ^'*"4, 4x3 12 

15 7 

Ex. 2. Transform ;r, 7:, and -— to equivalent fractions, 

2 6 10 

having the least common multiple of their denominators for 

their common denominator. 

The least common multiple 

of 2 and 6 =: ^-^ = 6, 



of 6 arid 10 = ^4r^ = 3 X 10 = 30; 



whence 



5=16. and l = -i^ = l^, 
2 2 2 X 15 30 

30 ^ ^55x5 25 

-= 5, and 3=6^^ =35. 

30 _ 7 _ 7 X 3 _21 

10- ^' ""* io-7oir3~30 

1 4t 

Ex. 3. Express -- and — with the least common de- 

nominator. j^^ ^ and i- . 

27 27 
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2 7 

Ex. 4. Transform - and ~ to equivalent fractions having 

the least common denominator. >i— ^^ ^^ 

'*~' 45* 45* 

3 9 13 
Ex. 5. Transform -, — , ^r to equivalent fractions, 

having the least common denominator. 

J 45 54 65 
^^' i20' 120' 120' 

2 4 7 12 

Ex. 6. Transform -> 7- , 7^, and rr- to equivalent 

9 15 lo z5 

fractions with the least common multiple of their deno- 
minators, for a common denominator. 

. 100 120 175 216 
• 450' 450' 450' 450' 

23. To compare the values of fractions, 

(a) When fractions have a common denominator, they 
have the relative values of their numerators. 

I is the half of |; for | X 2= ^ (Art. 11). 
5 000 

Hence, the values of fractions having different denomina- 
tors may be compared by transforming them to equivalent 
fractions with a common denominator. 

12 3 

Ex. Compare the values of -, -, and ■— -. 

00 17 

12 ,3 ... 1 ^ 85 102 

o' c> *°<^ T^ *'® respectively equal to — -, --- , and 

O O 17 LOO loo 

45 

--- , and, therefore, have the relative values of 85, 102, and 

^tOO 

45, the numerators of the transformed fractions. 

(6) When fractions have a common numerator, they 
have inversely the relative values of their denominators, 
the greater having the less denominator. 

c2 
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- is greater than -. 

For the same number of parts is taken in both, and the 
unit being divided into more equal parts in the latter than 
in the former fraction, each of the parts in the former is 
greater than each in the latter. 



ADDITION OF FRACTIONS. 

24. (a) The sum of any number of fractions having a com- 
mon denominator, is found by taking the sum of the nume- 
rators, and subjoining the common denominator. 

For, since the unit is divided into the same number of 
equal parts in each of the fractions, and the several nume- 
rators denote the number of those parts in each, the sum of 
the fractions is the sum of the numerators with the common 
denominator subjoined. 

*'''•*• 13 ^13" 13 ~13' 

Here the unit is divided into thirteen equal parts, and to 

three of those parts five are added, the sum is, therefore, 

g 

eight such parts, i, c. — . 

1 o 

(b) If the fractions have not a common denominator, 
transform them to others of equal value with a common 
denominator, and proceed as before. 

When the least common multiple of the denominators is 
obvious, or easily discovered, the transformation by Art. 22 
will be found convenient. 

2 3 4 

Ex. 2. Required the sum of - , - , and - . 

o 5 7 
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By Art 20, 

2 

2 X 5 X 7 = 70, new numerator for -, 

3 X 3 X 7 = 63, |, 

a 

4 X 3 X 5 = 60, I, 

7 • 

193 Total, 
and 3x5x7 = 1 05 common denominator ; 

' " 3 "*" 5 7 105 ~" 105 • 

15 3 • 

Ex. 3. Required the sum of-, -> ^^^ «• 

^ 4« o o 

The least common multiple of the denominators is obvi«< 
ously 24; whence, by Art. 22, 

1 _ 6^ 5 _ 5x J^ _ 20 3 _ 3x3 _ 9 
i 24' 6 24 24' 8 24 ~ 24' 

.15 3^ 6 + 20+9 _35 11 

"46"^8 24 24 ""^24' 

12 3 5 

Ex. 4. Required the sum of - , - , •- , and -- . 

Zoo S 

Here, by inspection, it is obvious that 30 is the least 
common multiple of the denominators ; whence 

1235_ 154- 20+184-25 -, Zi? -^ i? _ 3 
2 "*" S 5 6 SO 30 7 "" 5' 

13 5 1 

Ex, 5. Required the sum of - , - , and -- . Am. 1 - . 

9 o 12 8 

13 5 21 

Ex. 6. Required the sum of -, g, and --. Ans. 1 j^. 

*7 1 ft 1 #5 O 

Ex. 7. Required the sura ^^ J^y ^l' ^^ sE '***• ^5* 
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Ex. 8. Required the sum of 5 , -, --, and —-. 

o V DO 4j4? 

198 
(c) When mixed numbers are to be added, the sum of 
the fractions should be taken as before, and annexed to the 
sum of the integers. 

Ex. 9. Required the sum of 3^, 5— , 12-, and 24 — . 

3^+5^^ + 12^+24 =3+5+12 + 24+^ + ^^ + ^+^2 

391 139 

= 44+- =45 2-52-. 

2 5 8 

Ex. 10. Required the sum of 4 -, 6 — , and 7 — . 

\7 1 «5 1 ^7 

'^'w. 18 r;— — . 
2223 

5 4 11 

Ex. 11. Required the sum of Hr^j i-r> and 144—. 

X^ Xo ^X 

140 

Ex. 12. Required the sum ofl^ + 2|+3- +4^+5 - . 

^ %j 4 o o 

^7M. 18—- . 

20 
25. To convert a Mixed Number into an Improper 
Fractionm 

Multiply the whole number by the denominator, and add 
the product to the numerator of the fraction. 

^4 5x6 + 4 34 
^5= 5 =T'' 

r^ u A^ lA a 6x5 30 
for, by Art, 14, o = — - — = — , 

5 5 

and therefore, by Art 24, 6 + t = ?5-iL* = ?f . 
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In the same manner, 



lo^ 67 ^^1 157 J ^ 5 5801 

16 - = — , 78 - = -^- , and 92 — = 

4 4 2 2 ' eS 63 



SUBTRACTION OF FRACTIONS. 

26. (a) The difierence between any two fractions, which 
haye a common denominator, is found by taking the difference 
of their numerators, and subjoining the common denominator. 

For the difference of the fractions is the difference between 
the number of the equal parts of the unit in each, and is, 
therefore, the difference of the numerators with the common 
denominator subjoined. 

T? 1 5 4 _ 5-4 _ 1 

9 9 9 9 

For the unit is divided into nine equal parts, and from five 
of those parts four are taken ; there remains, therefore, one of 

those parts, or - . 

(b) If the fractions Have not a common denominator, 
transform them to others of equal value, with a common 
denominator, and proceed as before. . 

7 3 

Ex. 2. Find the excess of -- above = . 

12 7 

2 _ 3 _ 49- 36 _ 13 

12 7 ~ 84 "" 84' 

2 3 

Ex. 3. From 34 - subtract 6 = . 

5 I 

2 ^3_172_45_ 1204-225 _ 979 _ 34 
34g-6;^-^ T" 35 "'35^^^35' 

or thus, 

2 3 7 3^^ 49-15 34 

345-6^ = 331-6^=27+ -3^ = 27-. 
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Ex. 4. Required the excess of — above .-r • Ans. rr-rz ' 

11 13 143 

4 4 

Ex. 5. Required the excess of 33 = above 21 - . 

Ans. 12 ^. 

13 5 

Ex. 6. Required the excess of 497 =7, above 164 — • 

35 
.4n«. 332 — . 

13 7 

Ex. 7. Required the excess of 3629 — above — . 

35 15 

Ans. 3628 1?. 

27. When the operations of Addition and Subtraction are 
both implied, subtract the sum of those quantities which have 
the sign ^ prefixed to them, from the sum of those which 
have +• 

Ex. 1. 

3^7 9^5 12 \S 7 5 y V9 ^ 12/ 

_ 152 _ 31 _ 7?9 
~ 105 36 1260' 

Ex.2. |-i+3-3-l|=2j. 

Ex.4. 2-l+;|=2!i. 

Ex.5. 38^+^ + 24^ - 13:^ = 50^^ 



3 5' 7 15 105* 
Ex.6. 19|-?-3i+t=16«^^ 



8 5 11 ' 7 "" 3080" 
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28 



^ ^ 15 ^14 . ^13 11 ^9 
^^^- 16""^"5 + ^^""l2 = ^560- 

l2 35 o'^j-1^ — 1*^ 
Ex.8. 3-- + g 4 '^e^'^S ■*" l■2""^24• 
3 4? 63 3 
Ex.9. S- -5;^ + 1^-2 =56- 

Ex.ia 57l+3l+3f,-35^ = 25f3. 

28. If the numerator of one fraction be added to the 
oumerator of another, and the denominator of the one to the 
denominator of the other, the resulting fraction lies between 
the two. 

1 + 1 1 ,. u * 1 A ^ 
z — r—;; or - lies between — and - , 

4+23 4 2 

2 + 3 5 ,. , ^ 2,3 
r — i — - or - lies between - and —. 
3+58 o 5 

29. Adding the same 'number to both numerator and 
denominator of a fraction, brings the value of the fraction 
Dearer to 1 ; subtracting the same number from both nu- 
merator and denominator, removes it farther from 1 ; t. e. 
the addition of the same number to both diminishes fractions 
greater than 1, and augments the value of fractions less than 
1 ; the subtraction of the same number from both augments 
the value of fractions greater than 1, and diminishes frac- 
tions less than 1. 

345678^. ,. „^ 

o> o» 7» e» ^j ^f ^c. IS a continually decreasing senes, 

A 3 4« 5 6 7 

12 3 4 5 6 7^. ,. 1, . 

o> o» r» r» ^> i^9 o> &c. is a continually increasing senes, 

and vice versd, 

8 7 6 5 4 3.. 

7' 6' 5' 4' 3' 2 "^ *° increasing senes. 

7 6 5 4 3 2 1 

8* 7' 6' 5' 4' 3' 2 ^^ * ^®^^®*^'"g ^®"®*» 
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MULTIPLICATION OF FRACTIONS. 

30. To multiply one fractioD by aDother, is to take such 
part or parts of the one as the other expresses. 

To do this, multiply either fraction by the numerator, and 
divide it by the denominator of the other. (Arts. 1 1 and 12.) 

The product thence arising may be multiplied by another 
fraction, and the process thus extended to any number of 
fractions. 



Ex. 


1. 


2 
Multiply - 

o 


by 


5 

9* 












|x 


5 
9 


_ 2 
3 


X 

X 


5 
9 


27 



^AA^\A' androf|=|.(Artl2.) 

•5«-2 2 ^ 10,.,,,. 
•• §"^3=27 ^ 5 = ^^.(Artll.) 

5 2 
A fraction of a fraction, as - of - , is called a Compound 

Fraction. 

Ex. 2. Multiply | by t. 

o 7 

Ix ? = _£-,^ (Art 11) = ^. 
8 7 2x7^ ^ 14- 

Ex. 3. Multiply Jy-by ^ . 

11 ^ 5 jy-(Art. 12)- jy. 

3,6 , , i 



Ex. 4. Multiply 7 by -, and the product thence arising 



^y 1^ 



,9^7 3 3 

and — X — = ^r = - , 

14 12 2x4 8 



I 
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3 5 7 

If the contiDued product of - , — , and — were required, 

the operation would be performed thus : 

3 ^6^ 7 _ 8x6x 7 _ 3 ... .^ ,^ v S 
- X - X -— = ; — T- — T7i = -: — ;; (Art ISaod Cor.) = - • 
4- 7 12 4x7x12 4X2^ ^ 8 

Hence, the following 

General Rule. Multiply all the numerators together 
for a new numerator, and the denominators for a new deno- 
minator. 

Obs. In cancelling factors which are common to both the 
numerator and denominator, it is usual to make a mark 
through the factors reduced or cancelled: substituting an 
asterisk for the mark (for the convenience of printing) the 
process of finding the continued product, in £x« 4, will stand 

thus : — 

3 6 7 _ 3x*6x*7 _3 

4 7 12 4x*7x*12 8' 

2 

When mixed numbers are given, they must be reduced to 
improper fractions. 

3 2 
Ex. 5. Required the continued product of 6 — , 7^1 

7 
and 43 r:f. 
13 



7 *13 283 

fi^ v7^vAq'^- *63 X *65 X "^566 _ 
S-O^^9^^^r3"^ *10x *9X*13 =^^^^' 

*2 

4 9 11 
Ex. 6. Find the value of- of — of — . 



4 £ 11 _ 4x*9xll _ 132 
7 13 21 7xl3x*21 637' 
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5 ^ 1 

Ex. 7. Find the value of 753 - X 12 X -. 

*4 
5 L_6029X^^6029^g^j^l 

753- Xl2x g — #g^#3 2 2 

2 

13 5 >i ^^ 

Ex. 8. Find the value o^ ^ ^ 4 ^ 7 ' 56* 

3 6 4 11 ,21 
Ex. 9. Find the product <>i 4;* 7 > 15' Jg *"^ 23* 

Ex. 10. Find the value of, 

2S45678 9 ^1 

-x--x*x-x-X-X-X— . Ans. -• 
3^4^56^789 10 5 

1 2 . ^ 14? 

Ex. 11. Find the product of 2 g and 3 -. Ans. 7 j^- 

5 2 

Ex. 12. Find the value of 21 — X 11. Ans. 232 g. 



^ ^ A *^ 

Ex. 13. Find the value 0^gX2jgXlggX3g;^. 

Ans. 2 t:t . 

87 

12 2 1 11 

Ex. 14. Find the value 0^13X23X125X1^4,- 

Ans. 3. 

fy 40 4Q 5 

Ex. 15. Find the value ^^ ^2 x 7 ^ X ^ X ^^ X 1 ^2' 

Ans. 48 - . 

o 
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Ex. 16- Multiply 1 I + f by 1 55 - ^' 

/I 2\ / 14 B\ _ 21 4-4 118-25 
V 2 "*■ 7 ; ^ \ 45 18; "■ 14 ^ 90 

5 SI 
_ »25 X »98 ^ 2:55 _ 71 

14X*90 84 84' 

*18 
6 

Ex. 17. Multiply I +3 ^ by I - ^. ^^- ^ i|- 

Ex.18. Multiply5l-lAby4|+6^. 

A A^ 589 
594 



DIVISION OF FRACTIONS. 

31. To divide by a fraction, or to determine how often 
a fraction is contained in any quantity, invert the terms of 
the divisor, and proceed as in multiplication. 

3 2 
Ex. 1 . Divide r bv t- . 

5-7 

3_j_2_3 '7_21_1^ 

5 • 7 ~ 5 ^ 2 ■" 10 "" 10' 

For|^2=y|^(Art.9); also? =^ of 2, 

3 
and is, therefore, contained seven times as often in - as 2 is. 



or 



(rra^^)*"^' 



u 3 . 2 S ^ S 7 . 
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Ex.2. Divide6347by 2 -. 



3 577 4 

6347 -r- 2 ^ = ♦6347 X ^jj (Art 30, Obs.)=2308. 

Ex. 3. Divide -J^ by 1 ? . 

217 ^ 7 



217 • 7 "" *217 ^ *9 "" 31" 

31 

Ex. 4. Find the value of 4 | x6 ? -^ 7 | X ^ ^l 1. 

*3 ^^r^^g"^ l5"^^^4"- 
14^^459^6^14^ 5670 _ 1913 
3 7 ^ 68 13 17 3757 "" 3757' 

Ex.5. Divide^ by ^. ^^- ^ S' 



Ex. 6. Divide 3 i by 19 ^. Ans. 



1720 
10647* 



Ex. 7. Divide | of 5 by 1 L Ans. 3. 

3 y 

6 i 7 12 
Ex. 8. Find the value of3--M- X - x 7r-T-T^. 

7 z 9 ^ •■•^ 



ii^M. iia 



Ex. 9. Divide 5| + 2|by3|-l^. 



(»l+4W4-l)=*^-^ 



_68 14 _ 952 _ ^ 169 
"" 9 29 "^ 261 "" 261" 
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Ex. 10. Divide IS + ? of 7 by 3 I + s of f . An». 4^^. 

3 •'723 76 

When Division of Fractions is indicated by writing the 
dividend over the divisor, the fractional expressions thus 
formed are called Complex Fractions. 

Ex. II. 

3 ^2^47 3^4 _ 6 _ 1 1 X *70 ^ 385 
^.^^Po^ ""3 fg"" 30 + 133 ~"*6x 163 489* 

y+S^'^^s 7 + To ""W^ 3 

lof (1 + 2^+9 
Ex. 12. Reduce ^^ ^ ^' ^ • Ans. "^^ 



137+ g of 4- 



16525 



DECIMAL FRACTIONS. 

32. As in the common system of notation of integers the 
local values of the figures increase from the right to the left 
in a ten-fold proportion, the first occupying the place of 
units, the second that of tens, the third that of hundreds, &c« 
80 also when there are figures to the right of the units* 
place, they decrease in the same proportion from left to 
right, the first occupying the place of tenths, the second 
that of hundredths, the third that of thousandths, &c. and 
therefore, individually or collectively, represent fractious 
having ten or some product of tens for their denominators ; 
whence they are called decimal fractions, to distinguish them 
from fractions written in the common form called vulgar 
fractions, and are separated from the integers by a point 
called the decimal points 

1 Iff 

Thus 43.15 is equivalent to 40+ 3+ r-: + y7^^ or 43 — ^. 

10 100 100 

d3 
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Similarly » .1 = —-, .23 =-Tr::» .345 = tt:;:^, 
^ 10 100 1000 

4.3 = 4±, 21.012 = 21^ or 21 3^?^. 

1201 7Q 

•«'1201=yoOOOOO' -^^^^ = 105005' 
the denominators being 10 when there is only one figure to 
the right of the decimal point, 10 X 10 or 100 wh6n there 
are two, 10 X 10 X 10 or 1000 when there are three, and so 
on; the denominators of the corresponding vulgar fractions 
always containing as many ciphers as there are figures to the 
right of the decimal point, these figures being the nume- 
rators. 

.1 is read decimal one. 

.23 decimal two^ three, 

.34<5 decimal threes fimr^ Jive, 

21.012 Hoenty'oney decimal nought^ one, two. 

Cor. 1. Every cipher affixed to the left of a decimal dimi- 
nishes its value ten-fold, by removing its digits one ^place more 
to the right of the point Thus, .3, .03, .003, are respectively 

^i"*^***!^' m' mo- 

CoR. 2. If ciphers be annexed to the right of a decimal, its 
value is not altered. Thus, .3, .30, .300 being respectively equal 

3 30 300 
*^ 10 ' Too ' 1000 ' ^^ ®^"^ ^ ®°^ another. 

33. Any number of decimals may be made to represent 
fractions having a common denominator, by annexing as 
many ciphers to the right as may be sufficient to render the 
number of decimal places the same in all. 

Thus, .3000, .3300, .7045, are respectively equal to 
3000 3300 7045 
TOOOO' 10000' 10000' 



.ARITHMETIC. SI 

34. To expres* a vulgar fraction by meant o/ a decimal 
fraction. 

If the given fraction be transformed into one having ten 
or some product of tens for its denominator, its decimal re- 
presentative may be assigned by Art 32* 

^ , 3 300 300-r-4 75 

Ejl. 1. — = = = = .075. 

40 4000 4000-^4 1000 

^ ^ 1 1000 &c. 1000&c.-r-37 

Ex. 2. T= = 



Ex. 3. 



37 37000 &c. 37000 &c.-f-37 

27027 &c. ^^^^ '^ 
== 1000000 &c. ='^^^^^^' 

17 170000 &c. 170000 &c -7-225 



2250 22500000 &c. 22500000 &c.-r-225 

755 &c 



100000 &c. 



= .00755 &c. 



In Ex. 1. the exact value of the given fraction is expressed 
by means of a decimal, but this can be done only when the 
denominator is entirely composed of the factors two, or five, 
or both; for when it contains any other factor, as in Ex. 2 and 
3, there exists no multiplier that will render the denominator 
of the required form, the division of the numerator by the 
denominator having no end; consequently only an approxi- 
mation to the value of the fraction can be obtained : this 
approximation may, however, easily be made to differ but 
very little from the true value; for when the process is con- 
tinued to only four places of decimals, the defect cannot 
exceed the ten-thousandth part of the unit (as will be seen 
by Art. 36); and the further the process is continued the 
nearer the approximation becomes, since by every succeed- 
ing step a decimal of inferior value is added. 

When the division terminates, as in Ex. 1 , the decimal is 
called a terminating decimal. 
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When the division does not terminate, the decimal always 
has some continually recurring digit or digits. 

If each of the digits uniformly recur, as in Ex. 2, the 
decimal is called a recurring or circtUating decimal. 

If only part of them recur, as in Ex. 3, it is called a mixed 
recurring or circulating decimal. 

A single recurring digit is sometimes distingubhed by a 
point placed over it ; thus .0075 ; and a period by a point 
placed over its first and last digits, thus .027- 

The transformations explained in this article may con- 
veniently be effected as follows : 

Rule. Divide the numerator of the proposed fraction by 
the denominator, annexing to the right of the former as 
many ciphers as may be required ; and the quotient, with as 
many decimal places assigned to it as there are ciphers an- 
nexed, will be the decimal fraction required. 

5 
Ex. 4. Express - by means of a decimal fraction. 

5 5.000 
g=__=,.625. 

Obs. In these examples, as in all others of the division of 
decimals, or mixed numbers containing decimals, by integers, 
it may be observed, that the first decimal figure in the quo- 
tient is the figure which results from the employment of the 
first decimal figure in the dividend ; the second decimal in 
the quotient results from the employment of the second in 
the dividend, the third from the third, and so on. 

17 
Ex. 5. Express by means of a decimal fraction. 

17 _ 17>0000 &c. _ 
2550 2250 "" '^"^' 
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1 8 

£x 6. Express -^ and -- by decimal fractions. 

Ana. .25 and .S2. 

1 

Ex. 7. Express =^ by a decimal fraction. An$. .142857. 

23 • . • 

Ex. 8. Express ^ by a decimal fraction. An$. .418. 

r> n Tj 3 9 19 170 32 . .^ 62 

Ex.9. Express -. — , ^j^, — . — ^, «^Ai>T -^-^ 

in the form of decimals. 

Am. .1875, .018, .0152, .170, .0192, 47.186. 



35. To transform a decimal fraction to Us equivaleni 
vulgar fraction: 

(a) If the decimal be finite, write it over the product of 
as many tens as there are figures in the decimal (Art 32), 
and reduce the fraction to its lowest terms. 

Ex. 1. Transform .25 to its equivalent vulgar fraction. 

•^ ~ 100 ~ r 

Ex. 2. Transfonn .5, .15, .625, .004^, .4608, and .03725 
to equivaleiit vulgar fractions. 

"""• 2' 4' 8' 250' 625' 4000' 

(6) If the decimal consist entirely of recurring digits, 
write those digits over as many nines, and reduce the fraction 
as before. 

Ex. ] . Transform .3 to its equivalent vulgar fraction. 

a 3^1 
•^=^9-3' 

The truth of the process may be shewn thus : 

The value of the required fraction = .333 &c^ 

/. 10 times its value = 3.333 6c^ 
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since, by Art 32, each digit is multiplied by 10, by being 
removed one place to the left. 

Whence, subtracting the former of these equals from the 

latter, 

9 times its value = 3 ; 

3 1 
.'. the required fraction = - = -. 

£x. 2. Transform .27 to its equivalent vulgar fraction. 

. .27 = ?^=^- 

' 99 ir 

for the value of the required fraction r= .2727 &c. 
/. 100 times its value = 27.2727 &c. 

Whence, subtracting the former of these equab from the 

latter, 

99 times its value = 27 ; 

•'. the required fraction =--=--. 

Ex* 3. Transform 4*2.63 to its equivalent, expressing the 
decimal by a vulgar fraction. 

42.63 = 42.6342 = 42 ^ = 42 |11^ . 

9999 3333 

The truth of the process may be shewn, as in the two 
preceding examples, taking care to multiply by a sufficient 
number of tens to bring the recurring period to the left side 
of the decimal point, viz. lOx lOx lOX 10 or 10000. 



• • • • 



Ex. 4. Transform .12, .265, .234, .285714, and 8.34 to 
their equivalents in vulgar fractions, and prove the accuracy 
of each result by reversing thd transformation. 

J 4 265 78 2 , ^116 
^'"- 33' 999' m' 7'*°^ ^333- 

{c) If the decimal contain both non-recurring and re- 
curring digits, subtract the non-recurring digits from the 
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number which is composed of both the non-recurriog and 
recurring digits^ as integers; place the remainder over as 
many nines as there are recurring digits^ followed by as many 
ciphers as there are non-recurring digits, and reduce the 
fraction. 

Ex. ]• Transform .^IGS to its equivalent vulgar fraction. 

416S = ^^^^ - ^^ = ^1?? ^ ???1 — ??? 
"" 9900 9900 4950 "" 550' 

The truth of the process may be shewn thus : 

The value of the required fraction =: .4516363 ... 

.'. 10000 times its value = 4163.63 ... 

and 100 times its value =s 41.63 ... 

whence, taking the last of these equals from the second ; 

9900 times its value = 4122; 

/. the required fraction = qqjv) ** above. 

Ex. 2. Transform .026 to its equivalent vulgar fraction 

26 — 2 24 2 



.026 = 



900 900 75 • 



Ex. 3. Transform .413, .527, .0416, .01236, .32576 and 
.372467 to their equivalent vulgar fractions, and prove the 
correctness of each result by reversing the operation. 

31 29 j_^ JIT^ 904 74419 
^^*' 75' 55' 24' 1375' 2775' 199800' 

In shewing the truth of the processes by which the trans- 
formations in this Art. are effected, subtraction of decimals is 
necessarily introduced, but in so obvious a manner as to be 
easily understood. 

36. It is evident that the greatest possible decimal is 
.999 &C. to infinity. 
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.999 &c. to infinity = ^ =1 



.0999 &c. 



9 
90 


= 


1 
10 


9 


_ 


1 



.00999 &c z_ — ,^ 

900 100 

And if any decimal .472013746 &c., for example, be given, 
any portion of it, say .472013, b less than the whole decimal, 
but .472014 is greater than the whole; the former being less 
than the proposed decimal by .000000746 &c. and the latter 

portion being greater than the former by iqqqqqq ^^ 

.000000999 &c. 

Hence an approxinuUUm to the value of a decimal^ between 
which and the tnie value the difference shall not exceed any 

given difference of the form -rKprz — , may be obtainedf by 

taking as many digits of the decimal as there are ciphers in the 
denominator of the given difference. 

It may be observed also that '472014 is nearer to the value 
of the given decimal than .472013 is by .00000049 &c.; and 
if whenever the first rejected digit is 5 or greater than 5, there 
be added 1 to the last retained digits the difference between the 
approximation and the true value will not exceed ^ of the 

given difference of the form Ynnri — • 

Thus, of the decimal .7182818, 

in retaining one place only, write .7 

two places 72 

three 718 

four 7183 

five 71828 

six 718282. 
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17 

Ex. 1. Transfonn rr- to a decimal fraction within 



18 1000 

of the true value. 

Here it will not be necessary to retain more than three 
places of decimab ; annexing therefore three ciphers to the 
right of 17) and dividing by 18, (Art 345.) 

17.000-7- 18=.944 within the given difference, 

17 944 8 1 
for -— — 



18 1000 18000 2250' 

which is less than half of the given difference, the first 
rejected digit of the decimal being less than 5. 

Ex. 2. Transform — to a decimal fraction approximating 

^*^^ 2 ^^ io5oo ^' 2o56o ^^ ^^ *™^ ^^^^^• 

16.0000-T-17=.94117...=:.9412 within the given difference, 

9412 16 4 1 



for 



10000 17 170000 42500* 



64 
Ex. 3. Transform -— to a decimal fraction approximating 

875 

within ^ of the true value. Ana, .0732. 

^0000 



ADDITION OF DECIMALS. 

37. To find the sum of any number of decimals, or mixed 
numbers containing decimals, arrange the figures according 
to their local values, units under units, tens under tens, &c., 
abo tenths under tenths, hundredths under hundredths, &c., 
then add them together as in integers, and place the decimal 
point in the sum under the points in the quantities proposed. 
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Ex. 1. Required the sum of .372, .4567, 14.3713, and 

371.01. 

.372 

.4567 

14.3713 

371.01 



386.21 



The operation here proceeds on the same principle as in 
addition of integers, for the local values of the figures 
throughout both the decimal and integral parts Increase 
from the right to the left in the same proportion. 

That it also is -equivalent to the addition of fractions 

having a common denominator, may be seen by supplying 

ciphers according to Art 33, and by the corresponding 

vulgar fractions, thus: 

.3720 

.4567 

14.3713 

371.0100 



386.2100 



17 Q^o 3720 ^^_ 4567 

^''' -^^^=10000' -^^^^ =10000' 

U 3713 - li:?^ 371 01 = ^^^^^^ and 
^^•^^^^•" 10000' ^^^'^\- 10000 ' *"^ 

3720 + 4567 + 143713 + 3710100 __ 3862100 _ 38621 

10000 10000 "" 100 

= 386.21. 

Ex. 2. Reduce the following series to the form of a 
decimal, accurate to 7 places : 



1 1X2 1X2X3 1x2x3x4 1x2x3x4x5 
+ &c. 
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A point placed between the factors is frequently used as 
the sign of multiplication, and it will be convenient in this 
example, without being confounded with the decimal point 

^ = ^of^= .16666666... 



1.2.3 3 2 
^ = 1- of -irr = .04166666,.. 



1.2.3.4f 4 1.2.3 

^ = 1 of — ^ = .00833333... 



1.2.3.4.5 5 1.2.3.4 

= I of . A /^ = .00138888... 



1.2.3.4.5.6 6 1.2.3.4.5 

== ^ of . ^}. ^^ = .00019846... 



1.2.3.4.5.6.7 7 1.2.3.4.5.6 

Vtt^^ = iof — — T-?-5^ = .00002480... 

1.2.3.4.5.6.7.8 8 1.2.3.4.5.6.7 

^ = 1 of ^ ^ = .00000275... 



1.2.3.4.5.6.7.8.9 9 1.2.3.4.5.6.7.8 

^ :=,4 of ] = .00000027... 



1 .2.3.4.5.6.7.8.9. 10 10 1 .2.3.4.5.6.7.8.9 



Ans. 2.7182818. 



This series was selected by Lord Napier, the inventor of 
Logariihmsj for the Bcue of the Napierian SysUm, 

Ex. 3. Required the sum of 346.1201, 24.00076, .004, 
30.9. Am. 401.02486. 

Ex. 4. Required the sum of 232.15, .721, 36.999, 
730.45797, .00203. Am. 1000.33. 
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S 7 4 13 17 

Ex. 5. Reduce 7+^+773+77;^ + r^ to the form 

4 8 25 128 1250 

of a decimal. Ans. 1.9001625. 

Ex. 6. Reduce 

3 9 27 81 243 729 2187 
to the form of a decimal accurate to five places. 

Ans. 1.49977... 



SUBTRACTION OF DECIMALS. 

38. To subtract decimals, or mixed numbers containing 
them, write them under the quantities from which they are 

m 

to be taken, according to the local values of the ^figures, 
suppose the requisite number of ciphers annexed to the right 
of either, to make the two contain the same number of deci- 
mal places ; then subtract, as in integers, and place the decimal 
point in the result under the other points. 

Ex. 1. From 37.001 subtract 4.41967. 

37.001 
4.41967 

32.58133 

The nature of this process, like that of Addition, is obvi- 
ously the same as in integers; its accuracy also may be 
shewn by means of the corresponding vulgar fractions. 

^i. on/v., 3700100 ^ ^^^^ 441967 

Thus, 37.001 =s t;:;:^:::^- , 4.41967 = 7;n;rrr , 

100000 100000* 

3700100 - 441967 _ 3258133 _ 
*°^ 100000 T0OO60" - 32.58133. 
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Ex. 2. Reduce I - -I - g^+ J^ - -1 to a decimal 



fraction. 



I =.375 ,^=.04 

From .3975 — = .3 
Subtract .3608 ^^ 



Ans. .0367 '^^^^ 

Ex. 3. From 36.0017 subtract 35.10046. Ans. .90124. 
Ex.4. From .90124 subtract .017923. Ans. .883317. 

Ex.5. Reduce ^J- J + ^ - ^^ - ^ to the 
form of a decimal. ^^g^ 4.2139625. 



MULTIPLICATION OF DECIMALS. 

39. To find the product of two decimals, or^mixed num- 
bers containing decimals, multiply as in integers, and point 
off as many decimal places in the product as there are in 
both factors. 

Ex. 1. Find the product of 31.43 and .3, 

31.43 X .3 = 9.429. 
The corresponding process by vulgar fractions being 

3143 3 9429 
31.43 X.3 = —X_ =— = 9.429. 

Ex. 2. Multiply 34.5 by 2.73. 

34.5 
2.73 



1035 
2415 
690 



94.185 



42 ARITHMETIC. 

The corresponding process by vulgar fractions being 

The multiplication of a decimal by a number of the form 
1000... is performed by removing the decimal point as 
many places to the right as there are ciphers in the multi- 
plier ; for the local values of the figures increase ten -fold for 
every place the point is removed to the right. (Art 32.) 

Ex. 3. 3.24 X 10 = 32.4, .279 x 10000 = 2790. 

When there are not so many figures in the product as 
decimal places in both factors, the defect must be supplied 
by annexing ciphers to the left. 

Ex. 4. Required the product of .285 and .302. • 

.285 X .302 = .08607, 

285 302 86070 

for .285 x.302 = 3^ X ^^ = ^^^^^ = .08607. 

The operation being performed thus, 

.285 
.302 



570 
855 

.086070 

Ex. 5. Required the product of 3706.205 and 34.005. 

Ans. 126029.501025. 

Ex. 6. Required the product of 4.26 and 5000. 

Ans. 21300. 

Ex. 7. Required the product of 625 and .0208. 

* Ans. .13. 
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Ex. 8. Required the product of .S26 and .004. 

Ans. .001804. 

Ex 9. Required the product of 3.791 and .0036. 

Ans. .0136476. 



DIVISION OF DECIMALS. 

40. Division of decimals is performed as in integers, ob- 
serving to point off as many decimal places in the quotient 
as the number of decimal places in the dividend exceeds the 
number in the divisor; for, by the nature of division, the 
product of the divisor and quotient is equal to the dividend, 
and, by last Article, the number of decimal places in the 
product is equal to the number in both factors. 

Ex. 1. Divide 617.42070012 by 13.0459. 

13.0459) 617.42070012 (47.3268 
521 836 



955847 
913213 

426340 
391377 

349630 
260918 

887121 
782754 



1043672 
1043672 

.... 



When the quotient does not contain the requisite number 
of figures, the deficiency must be supplied by annexing 
ciphers to the left. 
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Ex. 2. Divide .02961 by .7. 

.02961 -r- .7 = .0423, for 

02961^ 7= -^5^-^^- ^^^ xi?=i??--0423 
.0J9bl . -7-1(^0^. J0""l00000^T 10000— ^^^• 

Ex. 3. Divide 3.6494 by 142. 

3.6494 -^ 142 = .0257, (Art. 34. Obs.) 

^f>4Q4 9^7 

for 3.6494 - 142 = ,^^- 142 = j^^ = .0257. 

If the divbor be an integer of the form 1000..., remove 
the decimal point as many places to the left as there are 
ciphers in the divisor. 

Ex. 4. 78.5 -r 10 = 7.85, 57.46 -r 1000 = .05746. 

When the dividend has not so many decimal places as the 
divisor, annex as many ciphers to the right of the former 
as will supply the defect, and more if required. 

Whenever there is a remainder, a cipher may be an- 
nexed to the right of the dividend, and the division con- 
tinued. 

Ex. 5. Divide 14-4 by .12, and 3 by 7.5. 

.12) 14.40 7.5) 3.00 (.4 

120 ^^ 



The necessity for annexing the ciphers to the right of these 
dividends, in order to obtain the true results, will be seen by 
the corresponding vulgar fractions. 

^A A . to 14.4 . 12 144 100 

14.4-.12 = — --=— X — = 12x10 = 120. 

o . T«r o . 75 ^ 10 10 40 

3-7.5=3^-=:3x^=_ = j^ = .4 
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Ex. 6. Divide 65 by .342. 

.342) 65.000 (190.0584 
342 

3080 
3078 



• • • 



2000 
1710 

2900 
2736 



1640 
1368 



272 _ 136 
342 "~ 171 ' 

The value of the remaiDder is 

136 ^^ 1 136 17 



171 10000 1710000 213750' 
By vulgar fractions 

cff . aAn, ^g . 342 ^^ 1000 65000 ,^^^^„, 
65^.342=65- ^^ =65 X -3^ = -^^ =190.0584... 

It may be observed, that the first figure in the quotient 
always occupies the same position with regard to the decimal 
pointy as that figure of the dividend which stands impiedi- 
ately over the units' figure in the first product, ciphers being 
supposed to be annexed to the left of the integers, or to the 
right of the decimals, when required, in order to obtain that 
figure. Thus, in Ex. 1, the units' figure of the first product 
is the 2, and the figure 1 of the dividend, which stands im- 
mediately over it, is in the place of tens, therefore the first 
figure of the quotient should occupy the place of tens. 

Hence the place of the decimal point may be determined 
at the beginning of the operation, and at the conclusion of 
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the operation, the accuracy of its position, so determined, 
may be tested by comparing the number of decimal places 
in the divisor and quotient together, with the number of 
decimal places in the dividend. 

Ex. ?• Divide 94.185 by 2.73, and prove the truth of the 
result by multiplying the quotient by the divisor. 

Ans* 34.5. 

Ex. 8. Divide 14.4 by 1.2, 1.44 by .12, and .144 by 
.012; and prove the truth of the result in each case, both by 
reversing the operation and by the corresponding vulgar 
fractions. 

Ex. 9. Divide 5.3721 by ,9, and prove the truth of the 
result Ans, 5.969. 

Ex. 10. Divide .0136476 by 3.791, and prove the truth 
of the result Ans. .0036. 

Ex. 11. Divide 4.567323 by 300, and prove the truth of 
the result Ans. .01522441. 

Ex. 12. Divide .000208 by .016, and prove the truth of 
the result. Ans. .013. 

Ex. 13. Divide 134.39796 by .0316, and prove the truth 
of the result Ans. 42.53 1 . 

Ex. 14. Divide 125 by .025, and prove the truth of the 
result Ans. 500. 

Ex. 15. Find the quotient of 37.24 by 2.9 to six places of 
decimals. Ans. 12.341379&C. 

Ex. 16. Divide 22 by 166.5, and prove the truth of the 

* « 

result by the corresponding vulgar fractions. Atis, .132. 

Ex. 17. Divide 1.7 by 1375, mark the recurring period, 
and prove the truth of the result by the corresponding 
vulgar fractions. Ans. .01236. 
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Ex. 18. Find the quotient of 904 by 2775, mark the 
recurring period, and prove the truth of the result by the 
corresponding vulgar fractions. Ans. .32576. 

41. The fundamental operations of Arithmetic may gene- 
rally be performed upon recurring decimab by the foregoing 
rules, with a sufficient approach to accuracy, if only a few 
decimal digits be retained (Art. 38.); but, if required, they 
may, in any case, be performed accurately by means of their 
equivalent vulgar fractions. 

Ex. 1. Let the sum, difference, product, and quotient of 
• • • 

.4 and .217 be required. 

.4 = * and.2i7 = ''' *^ 

4 
hence the sum = -• + 

4 
the difference ss - — 

4 
the product = - X 

4 43 88 

and the quotient = - -r- -— = — = 2.04651 &c. 



990 


] 


98 


• 
9 


43 
198 "" 


131 
198 


= 


.661, 


43 _ 
198 ■" 


45 
198 


= 


.227, 


43 

198 


86 
891 


= 


.09652 &c. 



COMPOUND NUMBERS. 

42. In this kingdom the different quantities of the same 
kind are represented by numbers under different deno- 
minations, connected, not by a common multiplier, but 
irregularly; and those expressions which contain numbers 
undier different denominations are called Compound Numbers. 
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These various denominatioDS, and their relations to each 
other, are exhibited in the following Tables. 

I. TABLE OP MONEY. 

4 farthings (q) are 1 penny .. </. 

I2d. .. •• 1 shilling .. «. 

20s 1 pound .. £. 

£. s. d, 

A groat is 4 

A tester 6 

A crown . . . . . . 5 

A noble . . . . 6 8 

An angel, or half-sovereign 10 

A mark .. .. 13 4 

A sovereign . . • • 10 
A guinea .. .. •• 110 

A Carolus .. •• 1 >3 

A Jacobus .. .. 15 

A moidore .. .. 17 

A sixrand-thirty . . .. 1 16 

II. WEIGHT. 
Avoirdupois Weight, 



16 drams are . . 1 ounce 


. . oz. 


16 oz. .. .. .. 1 pound ■ .. 


.. lb. 


14 lbs I stone 


.. it. 


2 stone or 28 lbs. .. 1 quarter 


• • qr. 


4 qrs. or 112 lbs. .. 1 hundredweight 


. . Cf/Ot, 


20 cwt 1 ton 




Troy Weight 




24 grains are 1 pennyweight . . 


dwt. 


20 dwt. .. 1 oz. 




12 oz. ..1 lb. 




Apothecaries' Weight. 




20 grains .. are .. 1 scruple 


.. 9. 


3 sc. .. '.. 1 dram 


•• .3. 


8 drs. 1 oz. 


•• I. 


12 oz 1 lb. 


ib. 
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Wool Weight, 



7 lbs. . . • . 
2 cloves or 14 lbs. 

*i St* « « • « 

6| tods . . 
2 weys . . 
12 sacks . . 
240 lbs 



are 



• • 



1 clove 
1 stone 
1 tod 
1 wey 
1 sack 
1 last 
1 pack 



III. 

12 inches 

3 feet . . 

d| yds 

40 pis. or 220 yds. 

« fur. or 1760 yds. 

3 mis. . . 



LINEAR MEASURE. 

are . . 1 foot 
1 yard 
1 pole 
1 furlong 
1 mile 
1 league 



A line . . 
A barleycorn 
A palm 
A band 
A span . . 
A cubit 
A pace . . 
A fathom 



IS 



l-12th of an inch 
1-Srd of an inch 
Sin. 

4 in. 
9 in. 

18 in. 

5 feet 

6 ft. 



A degree is 60 geographical miles, or a little more than 69 statute miles. 



Cloth Measure. 



2|in. .. 

4 nis. 

4 qrs. . . 

3 qrs. 

6 qrs. . . 

6 qrs. . . 



are 



1 nail 

1 quarter 

1 yard 

1 Flemish ell (nearly) 

1 English ell 

1 French ell (nearly) 



IV. SUPERFICIAL MEASURE. 



144 square in. 
9 sq. fr« • • 
80| sq. yds. 
40 sq. pis* 
4 roods 
640 acres 



• • 



• • 



are 1 sq. ft. 
1 sq. yd. 

1 sq. pi. or perch 
1 rood 
1 acre 
1 sq. mile 



F 
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V. SOLID MEASURE. 

I728cabicin. .. are .. 1 cubic ft 

27 cu. ft. 1 cu. yd. 

40 cu. ft. . . . « • • I load of rough timber 

50 cu. ft. . . . . . . 1 load of squared timber 

42 cu. ft. .. .. .. 1 ton of shipping 

VI. MEASURE OF CAPACITY. 

4 grills . . are . . 1 pint 
2 pts. . • • • • . 1 quart 
4 quarts 1 gallon 



Ale and Beer Measure. 



9 gaUons 


• • 


are 




1 firkin 


2 fir. or 18 


gals. 






1 kilderkin 


2 kil. or 36 gals. 






1 barrel 


1^ bar. or 


54 gals. 






1 hogshead . hhd. 


2 bar. 


• • 






1 puncheon 


2 hbds. 


. . 






1 butt 


2 butts 


• • 






1 tun 


Wine §f Spirit Measure. 


10 gallons 


• • 


are 




1 anker 


18 gals. 


. . 






1 runlet 


42 gals. 


. . 






1 tierce 


2 tierces or 84 gals. 






1 puncheon 


63 gals. 


• • 






Ihhd. 


2 hhds. or 


126 gals. 


1 ■ • 




1 pipe 


2 pipes or 


252 gals. 






1 tun 




Dry Measure. 




2 quarts 




are 




1 pottle 


2 pottles 








1 gallon 


2 gallons 








1 peck 


4 pecks 








1 bushel 


2 bush. 


- 






1 strike 


4 bush. 








1 comb 


2 combs 








1 quarter 


4 qis. 








1 chaldron of corn 


20 combs 








1 last 


3 bush. 








1 sack of coals 


36 bush. 




• • 




1 chaldron of coals 
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VII. 


MEASURE OF TIME. 


60 seconds 


fire • • 


1 minute 


60 min. 




1 hour 


24hrs. 




1 day 


7 days 


• • • • « • 


1 week 
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VIIL CIRCULAR MEASURE. 

60 seconds . . are ... 1 minute 

60 min. • • 1 degree 

90 deg. . . • • • • 1 quadrant 

4 quadrants • . • • • • 1 circumference 

IX. NUMBER. 

12 units .. are .. 1 dozen 

12 dozen 1 gross 

144 dozen •• •• •• a great gross 

20 units 1 score 

6 scores . . . . . . a long hundred 

24 sheets of paper • • • • 1 quire 

20 quires • • . . 1 ream 

2 reams • . . « • . 1 bundle 

^bundles •• •• •• 1 bale 



Explanatory NoUs* 

43. Ta*ble of Money. — The money expressed by the 
denomiDations va this table is called Sterling money, to dis- 
tinguish it from Stocky &c., which is merely nominal. 

The Pound Sterling is represented by a gold coin called 
a Sovereign, weighing 123.274>, or about 128^ grains of 
standard gold, which consists of ll-12ths of pure gold and 
l-12th of alloy. 

The Shilling is a silver coin, weighing about 87 f^ grains 

of standard silver, which consists of 40 parts of pure silver 
to 3 of alloy. 

The Penny, Half-penny, and Farthing, are copper coins, 
of which the penny weighs nearly an ounce. 
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The half-peDny and farthings are generally expressed by 
the fractions of a penny; thus, ^d.^ ^d.y ^d. 

Besides these there are now current the four-penny, six- 
penny, half-crown, and crown-piece in silver^ and half- 
sovereign in gold : the other pieces enumerated in this 
table are not now in common use, but are frequently met 
with in the collections of antiquarians, and in old documents. 

Weight. — By 5 and 6 Wm. iv., c. 43, sec. 9, it was 
enacted, — That from and after the 1st of January, 1836, all 
coals, slack, culm, and cannel of every description, should 
be sold by weight and not by measure; and every person 
who should from and after the Ist of January, 1836, sell 
any coals, slack, culm, or cannel of any description, by 
measure and not by weight, should on conviction be liable 
to a penalty not exceeding 40«. for every such sale. 

And by sec. 10, it was enacted, — That from and after the 
passing of this Act, all articles sold by weight should be sold 
by avoirdupois weight, except gold, silver, platina, diamonds^ 
or other precious stones, which may be sold by troy weight, 
and drugs, which, when sold by retail, may be sold by apo- 
thecaries weight 

The ounce troy is greater than the ounce avoirdupois; 
but the pound troy is less then the pound avoirdupois : 
175oz. troy are equal to 1 92 oz. avoirdupois; but 175 lbs. 
troy are equal to only 144 lbs. avoirdupois. 

The grain, ounce, and pound, are the same in apothe- 
caries weight as in troy weight. 

In wool weight the pound is the same as in avoirdupois 
weight. 

A firkin of butter is 4 stone, or 56 lbs.; a fodder of lead 
is 19^ cwt; and articles of silk are sometimes weighed by a 
pound of 24 oz., called a Great Pound, 

A sack of flour weighs 20 stone, and is about 5 imperial 
bushels. 
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Linear Measure.— By this measure are computed the 
linear dimensions of all magnitudes. 

A barleycorn, or grain of barley, is supposed to have been 
the original element of linear measure, and a grain of wheat 
the element of weight. 

Superficial Measure. — A square inch, foot, &c., is 
the superficial magnitude of a square, of which each of the 
sides is a linear inch, foot, &c.; and a square number is 
produced by multiplying any number into itself; thus, the 
square number H4 = 12 X 12, 9 = 3X3, &c. 

By superficial measure are computed all kinds of surfaces, 
as land, paving, plastering, &c. 

Land is measured by means of a chain, consisting of 100 
equal links, called Gunters chain. Its length is 4 poles ; 
therefore 10 square chains, or 100,000 square links, make 
an acre. 

Glazing, mason's flat work, &c., are measured by the 
square foot; painting, paving, plastering, &c., by the square 
yard ; flooring, roofing, &c., by the square of 100 feet. 

Brick-'Work is measured by the rod of 16^ feet; and 
212^ square feet of brick- work, a brick-and-a-half thick 
are reckoned a square rod. 

Solid Measure. — A cubic inch, foot, &c., is the solid 
content of a cube, or figure contained by six equal squares, 
of which each of the edges is a linear inch, foot, &c.; and 
a cubic number is the continued product of any number 
taken thrice; thus, the cubic number 1728=12x12x12, 
27=3x3x3, &c. 

The solid content of a parallelepiped, or figure contained 
by six quadrilateral surfaces, whereof every opposite two are 
parallel, is the continued product of its length, breadth, and 
thickness. 

F3 
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Measure of Time. — The meantime between two pas ' 
sages of the Sun across the meridian of >any place, is termed 
a Mean Solar Day^ which is supposed to be equally divided 
into the parts mentioned in the table ; and from astronomical 
observations and calculations it appears, that the time be- 
tween the Sun*s leaving a fixed point in his path, the 
ecliptic, and returning to it again, is 365.242^64 such days, 
or 365 days, 5 hrs., 48 min., 51 g^ sec. nearly, which is there- 
fore called a Soktr Year. 

The principal regulators of our Calendar were Romulus> 
Numa, Julius Caesar, and Pope Gregory. 

Caesar finding that, notwithstanding the successive efforts 
of Romulus and of Numa to adapt the civil to the solar year, 
the calendar was very imperfect, undertook, with the aid of 
some of the ablest astronomers of his time, to remedy its 
defects. These astronomers supposed the solar year to con- 
sist of 365 days, 6 hours, or 365^ days; and to obviate the 
inconvenience which would arise from the civil year not con- 
sisting of an exact number of days, it was ordained that 
every fourth year should be reckoned to consist of 366 days, 
and the remaining three of 365 days : so that, on this suppo- 
sition as to the length of the solar year, the Sun would 
return, at the end of every four years, to the place in the 
ecliptic which he left at their commencement The calendar 
thus adjusted was termed the Julian Calendar, 

The additional day for every fourth year was obtained by 
repeating the sixth of the calends of March in the Roman 
calendar, which corresponds with the 24th of February in 
ours ; and the year in which it was inserted was therefore 
termed Intercalary^ or Bissextile. 

This regulation was afterwards so applied to the years of 
the Christian dispensation, that whenever the number of 
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years since the birth of Christ was exactly divisible by 4t, 
that year consisted of 366 days, and was termed Leap Year ; 
the month of February having 29 days in leap year, and 
only 28 days in each of the remaining three years. 

But the solar year being 365.24<2264< days instead of 365 \ 
or 365.25 days, there arose in one year an error of the dif- 
ference of these two mixed numbers, viz. of .007736 of 
a day, which placed the end of the civil year .007736 of 
a day after the time of the Sun*s return to the point in the 
ecliptic which he left at its commencement. 

This error was continually increasing at the rate of 
.007736 of a day per annum ; and by multiplying this de- 
cimal fraction by 400, it appears that in 400 years the error 
amounted to 3.0944 days, or 3 days, 2 hrs., 16 min., nearly. 

In 1582, Pope Gregory, finding that the error had accu- 
mulated to 10 days, cut off ten days from the calendar, and 
promulgated the following correction of it. 

That whereas by the Julian Calendar the last year of every 
century, (as 1600, 1700, 1800, 1900,) would be a leap year, 
only every fourth of such years should be a leap year ; and 
that of these 1600 should be the first leap year: so that 
whenever the number indicating the century concluded, (as 
16, 17, 18, or 19,) should be divisible by 4, the year should 
be a leap year, but not otherwise. 

Thus^ in 400 years, 3 leap years were changed for or- 
dinary years, and 3 days of the calendar thereby dropped, 
leaving the accumulated error of 400 years only about 
2 hours \6 min., which would not amount to a day in 
4000 years. With this correction the calendar is called the 
Gregorian CaJendar^ or the New Sh/lcy the Julian Calendar 
being now termed the Old Style, 

Hence the rule is, that every year, of which the date is 
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divisible by 4, id a leap year, unless that date express the 
last year of a century ; in which case the year is a leap year 
only when the number indicating the century concluded is 
divisible by 4. 

The Gregorian Calendar, or the new style, was adopted in 
England on the 2nd of September, 1752, when the error 
amounted to 11 days. Had the old style been continued, 
the error would now have been 12 days, because by it 1800 
would have been a leap year, which by the new style it was 
not : and accordingly we have old Christmas-day, old Mid- 
summer-day, &c. falling 12 days later than Christmas-day, 
Midsummer -day, &c., as fixed by the present system. 

Of the twelve calendar months, viz. January, February, 
March, April, May, June, July, August, September, Octo- 
ber, November, and December,— April, June, September, and 
November consist of 30 days ; February has only 28 days, 
except in leap years, when it has 29; and all the rest have 
31 days. 

The word month is also used to denote 4 weeks, or 28 
days, which is nearly a Lunar Month, and sometimes to sig- 
nify a twelfth part of the year. 

44. With a view to an invariable standard, and one which 
cannot be lost or destroyed, the linear inch has been referred 
to a pendulum vibrating seconds in a non-resisting medium 
at the level of the sea at Greenwich or London. The pen- 
dulum being divided into 391 2)92 equal parts, the linear inch 
is defined to be 10000 of these parts; the length of the 
seconds' pendulum is therefore^9.1392 inches. 

The imperial gallon is defined to be 277.274 cubic inches : 
and the pound avoirdupois the weight of one-tenth part of 
an imperial gallotf of distilled water. 
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REDUCTION. 

45. The operation by which the denominations of quan- 
tities are changed, whilst their values remain the same, is 
called Reduction. 

Ex. 1. Reduce £31. Ss. 6^cf. to farthings. 

Since there are 208. in £1, in any number of pounds there 
are 20 times as many shillings, therefore the denomination 
of any number is changed from pounds to shillings by multi- 
plying that number by 20 ; thus 

£31 = 31 X 20*. = 620ff., 

and with the addition of the 5s, given, there are 62Bs, in 
£31. 58, Also the number of pence in £31. 58, 6d. is ob- 
tained by multiplying the 6258, by 12, and adding to the 
product the 6d, given ; and by a similar process the number 
of farthings in £31. 5s, 6^. is found to be 30026. 

The operation stands thus, 

£. «. d, 
31 . 5 . 6f 
20 

625*. 
12 

7506 A 

4 



30026 g. 



The mode of reasoning employed in this example being 
applicable to every example of reduction to a lower denomi- 
nation^ the rule is as follows. 

Rule 1. Multiply the number of the highest denomina- 
tion in the quantity proposed by that number of the next 
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inferior denomination which is equivalent to an unit of the 
highest denomination, and to the product add the number of 
the inferior denomination ; and repeat the process for each 
succeeding denomination until the one required is obtained. 

Ex. 2. Reduce 30026 farthings to pence, shillings, and 
pounds. 

Since there are 4 farthings in 1 penny, there are in any 
number of farthings but one-fourth of the number of pence ; 
therefore the denomination of any number is changed from 
farthings to pence by dividing that number by 4; thus 

30026^ = ^^d. = 7506^.; 
similarly 

The operation is written thus, 

4) 30026 g. 
12) 7506^6?. 



20) 625. 6^. 



£31.5.6f 

Hence, Rule 2. To reduce quanHties to their equivalents 
in higher denominations, divide by the numbers which 
connect the different denominations in order, and to the 
quotients annex the remainders, assigning to each the de- 
nominations of the dividends from which they respectively 
arise. 

The truth of the process may be confirmed, in each case, 
by reversing the operation. 

Ex. 3. Required the number of pounds in 380 guineas. 
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Reducing the given sum to shillings by Rule 1, and then 
applying Rule % we have 

380 guineas 
3 X 7 = 21 

1140 

7 

20) 7980*. 

399£. Ans. 



Ex. 4. Reduce 7^ of a yard to the fraction of an inch. 

4«o 

Multiplying by the numbers which connect the successive 
denominations, according to Rule 1, we have 

1 , 1X3X12. 3. 

48^^=— 48— •'*- = 4''^ 

Ex. 5. What fraction of a pound is -f of a penny ? 
Dividing by the numbers which connect the denominations 
in order, by Rule 2, we have 

2 2 I , 

3^' ~ ^3 X 12 X 20 ~ ^360' 

Ex. 6. What fraction of a guinea is f of a pound ? 

o 3 3 X 20 15 5 . . 

* :; = ::: *• = -x ^tt ^»« = tt of a guinea. 

8 8 2 X 21 ^ 14 * 

Ex. 7. What fraction of a pound is lOd.? 

12 X 20 24 

Ex. 8. Reduce lOff. 5|ef. to the fraction of a pound. 

Reducing the given sum to the lowest given denomination 
by Rule 1, and then applying Rule 2, we have 

10.. Bid. = 503?. =£ ^^f^^^ = £^' 
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Ex. 9. What fraction of an acre is 1 rood 24 perches ? 

64 2 

1 rood 24 p. = 64 p = of an acre = - of an acre. 

'^ '^ 40 X 4 5 

Ex. 10. What fraction of a guinea is 58. 6d,? 

fifi 1 1 

5s. 6d. = 66d. = -— ^rr gut. = rr of a guinea. 

12 X 21 ^ 42 ^ 

Or, expressing the given sum and the unit of the required 
denomination in their highest common denomination, thus 

5s, 6d, = 11 sixpences, and a guinea = 42 sixpences ; 
.". 58. 6d. = — of a guinea. 

Ex. 11. Find the value of | of £1. 

7 

3_3x20 4 4X12- o.«6 

X -- = -T— — 8. = 8 - *. = 8*. — - — a. = 8«. 6 ;i a. 

7 7 7 7 7 

6x4 S 

= Ss. 6d. — - — a, = 8*. 6d, 3 = a. 
7 ^ 7^ 

The operation is usually written thus, 

20*. 
3 

7)60 



8 ... 4 






12 




7) 


48 






6 ... 


. 6 
4 




7) 


24 



*J ... *J 



3 
Ans. S8.6d.S^q. 
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Ex. 12. Find the value of - of 4 lbs. troy. 

5 

I of 41b8. =|lb. (Art. 30.) = l|lb. = llb.i^oz. 

= 1 lb. 7 -oz. = 1 lb. 7oz. i^^ dwt = 1 lb. 7 oz. 4dwt. 

Or thus, 

4 lbs. 
2 



5)8 



1 ... 3 
12 

5) 36 oz. 
7 ... 1 

2a 



5) 20 dwt. 
4 



Ans. 1 lb, 7 oz. 4 dwt. 

2 
Ex. 13. Find the value of - of 3 cwt. 

7 

3 cwt. 
2 

7)6 
4 

7) 24 qrs. 

*y • • • 9 
28 

7) 84 lbs. 

12 
Ans. 3 qrs. 12 lbs. 

G 
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Ex. 14. Reduce .023076 cwt. to the denomination of 
pounds. 

Multiplying by the numbers which connect the successive 
denominations, according to Rule 1, we have 

.023076 cwt. 
4 



.092304 qr. 
28 

2.584512 lbs. 



Ex. 15. What decimal of a week is 3.74976 of a minute ? 

Dividing by the numbers which connect the denominations 
in order, by Rule 2, we have 

60) 3.74976 min. 

24) .062496 hr. 



7) .002604 day 
V .000372 wk. 



Ex. 16. Express .9904 of a guinea in the denomination of 

pounds. 

.9904 gui. 

21 



20) 20.7984 s. 
1.03992 £. 



Ex. 17. Reduce 15*. 6|^. to the decimal of a pound. 

6|€?. = 6.75cf. ^^8. =.5625*. 

12 

.'. 15*. 6|rf. = 15.5625*. = -^~^ £. = .778125£. 
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The operation is usually exhibited thus, 

4) S.00q. 
12) 6.75c?. 



20) 15.5625*. 



.7781 25 £. 



Ex. 18. Find the value of .9375 cwt. 

cwt. qn« qre. 

.9375 = .9375 X 4? = 3.75, 

qn. Ibt. Ibt. 

and .75 = .75 X 28 = 21, 
whence the required value is 3 qrs, 21 lbs. 

This operation is usually written thus, 

.9375 

4f 



qrs. 3.7500 
28 



lbs. 21.00 



Ex. 19. Find ihe exact value of .543 £. 

.5433 &c. 
20 



s. 10.8666 &c. 
12 



d. 10.3999 &c. = d. 10.4 (Art 38.) 

4 

q. 1.6 

Or by means of the corresponding vulgar fractions, thus, 

^4S — <i4 lf)<) 3 

,5*3£ = £ lof^ (Art. 35, c,) = fg^ = 10.. lOrf. 1 1 q- 
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£x. 20. How many bricks, each 9 inches square, will a 
floor contain which is 1 8 feet wide and 27 feet long ? 

The area of the floor = 18 x 27 sq. ft. =216 x 324 sq. in., 
and the surface of each brick = 9 X 9 sq. in.; we have, 
therefore, by dividing the former of these dimensions by the 
latter, 

216 X 324- 

= 24 X 36 = 864?, the required number. 

9x9 

Ex. 21. How many bricks 9 inches long, 4<^ in. wide, and 
3 in. thick, are contained in a wall which is 1 2 feet l^ng, 
6ft. 9 in. high, and a brick and a half thick? 

The solid content of the wall =144 x 81 x 13^ cubic in. 
of each brick =9x4^X 3 cubic in.; 

and, dividing the former by the latter, we have 

144X81 Xl3i ' A u 

z — r— ^ =144x9=1296, the required number. 

9 X 4i X 3 

Ex. 22. What is the length of a rectangular parallele- 
piped, the solid content of which is 120 cubic feet, the 
breadth 4 feet, and the depth 3 feet 9 inches ? 

Since the solid content of a parallelopiped is the continued 
product of its length, breadth, and depth ; any one of these 
may be found by dividing the solid content by the product 
of the other two. 

Hence the length of the given parallelopiped 

120 120 X 4 ^ . , 

= = — — - — = 8 feet. 

4 X 3| 60 

Ex. 23. Find the content of a rectangular field, of which 

the length is 27 chains 50 links, and breadth 10 chains 

5 links. 

27 chains 50 links = 2750 links, 

and 10 chains 5 links = 1005 links, 
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links links sq. links 

whence, the content of the field = 27^0 X 1005 = 2763750 

2763750 aeres ac. roods perches 

= ^QQQQQ acres = 27.6375 = 27-2-22 

The operation may be performed thus, 

27 chains 50 links = 2750 links 
10 chains 7 links = 1005 links 



13750 
2750 

acres 27.63750 
4 



roods 2.5500 
40 



perches 22.00 

Ex. 24. How many seconds are there in the solar year, 
or in 365 days, 5 hours, 48 minutes, 51.6 seconds? 

Ans. 31556931.6. 

* Ex. 25. How many miles, &c. are there in 364392 inches? 

Ans. 5 mis. 6 fur. 2 yds. 

Ex. 26. How many seven -Shilling pieces are there in 
1191£. 15*.? Ans. 3405. 

Ex. 27* How many revolutions will a wheel, which is 
7 ft. 6 in. in circumference, make in running 20 miles ? 

Ans» 14080. 

Ex. 28. Reduce 4 days, 4 hours, 48 minutes, to the frac- 
tion of a week. Ans. f. 

3 4 

Ex. 29. Find the values of -- of a pound, and ^ of a' 

Ans, 7s, 6d.j and 9*. 4«f. 

G3 
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Ex. SO. Reduce 15 minutes 48.924 seconds to the decimal 
of a degree. Ans, .26859. 

Ex. 31. Find the values of .0432 of a week, and 3.1 16805 
days. Ans, 7 h. 15 m, 27.36 s., and 3 d, 2 h. 48 m. 12 s. 

Ex. 32. What is the content of a rectangular field, the 
length of which is 13 chains 75 links, and the breadth 
12 chains 10 links? Ans, 16 acres 2 roods 22 perches. 

Ex. S3. What is the height of a room containing 3822-^ 
cubic feet, its length being 21^ feet, and breadth 17-i- feet? 

Ans, 10 feet. 

Ex. 34. How many hours will there be in the years 1844 
and 2200 respectively, by the calendar ? 

Ans. 8784, and 8760. 



ADDITION AND SUBTRACTION OF 
COMPOUND NUMBERS. 

46. To add or subtract quantities consisting of different 
denominations, write the parts which are of the same deno- 
mination one under the other, and operate separately on 
each, beginning with those of the lowest denomination. 

If the sum of a column be equal to, or exceed the number 
contained in an unit of the next superior order, put down the 
excess, if any, and add the number of the next higher deno- 
mination contained in that sum to the next column. 

Also, if in any column the number to be subtracted ex- 
ceed the subtrahend, add to the subtrahend as many as make 
one of the next higher denomination, instead of borrowing 10 
as in abstract numbers, then put down the difference and 
carry one to the next number to be subtracted. 
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£x. 1. Required the sum of the following quantities : ' 

Tom cwt. qra. lbs. os. dra. 

17 5 3 24 13 10 

11 2 7 5 8 

20 19 27 14 3 

9 15 1 6 6 12 

and 4 7 2 5 15 2 

Ans. 63 8 2 16 7 3 
Ex. 2. Required the difference of 

lbs. OS. dr. 8C. gr. 

7 6 4 2 2 
and 3 8 4 2 15 

Ans. 3 9 7 2 7 



. 2 

Ex. 3. Required the sum and difference of - of 5 guineas 

3 7 ^ 

and r of - of a pound. 

5" of 5 gui. = £3. 10s. and %f ^£ = Ms. 8d. 
o 4 9 

Whence the required sum = £4. 1*. 8rf. 
and the difference = £2. 18«. 4fl?. 

Ex. 4. Required the sum and difference of .6 of a pound, 
and .875 of a shilling. 

.6£. = 13*. 4cf., and .875*. = lO^d. 
Whence the sum =14*. 2^^?., and the difference =12*. 5^. 
Ex.5. Find the difference between 17 lbs. 9oz. lOdwts. 
21 gr., and 9 lbs. 10 oz. 19dwts. lOgr. of silver. 

Ans. 7 lbs. 10 oz. 1 1 dwts. 1 1 gr. 

Ex. 6. Collect into one sum 3 lbs. 5 oz, 7 dr. 2 scr. 1 6 gr. 

13 lbs. 7oz. 3 dr., and 9 lbs. 11 oz. 1 scr. 6gr., apothecaries' 

weight. Ans. 27 lbs. 3 dr. 1 scr. 2 gr. 

1 
Ex. 7. Required the sum and difference of - of a pound, 

2 ^ 

and- of a guinea. 

Ans, The sum is \\s. 4d., and the difference 2«. 
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Ex. 8. Required the sum and difference of ,75 of a pound 
and .5 of a guinea. 

Ans. The sum is l£. 6^. 8cf.) and the difference 3«. \d. 

MULTIPLICATION AND DIVISION OF 
COMPOUND NUMBERS. 

47. To multiply a compound by a simple or abstract 
number, place the multiplier under the number of the lowest 
denomination of the proposed quantity ; find the product of 
this and the given multiplier, and ascertain the number of 
units of the next higher denomination contained in it, put 
down the remainder, if any, and carry these units to the 
product of the multiplier and the number of the next higher 
order ; then proceed with this as with the first product, and 
continue the process until the whole is multiplied. 

To divide a compound by an abstract number, place the 
' divisor and dividend as in division of abstract numbers, then 
find how often the divisor is contained in the number of the 
highest denomination in the quantity proposed, put down the 
quotient and reduce the remainder to the next inferior deno- 
mination, adding to it the number of the same denomination 
in the given quantity ; repeat the division and proceed with 
the remainder as before ; and continue the process until the 
whole is divided. 

Ex. 1. Multiply 18£. 12*. 7^. by -. 

Multiplying the given quantity by the numerator, and di- 
viding the product by the denominator, we have 

£l' s% dm 

18 12 7i 
5 

6) 93 3 li 

15 JO 6i 
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Ex. 2. Divide 784£. lOf. into 48 parts. 

(6) 784 10 



6 X 8 = 48 



8) 130 15 



16 6 10^ 



Ex. 3. Multiply 3 tons 5 cwt. 2 qrs. by 38. 

tons ewt. qn. 

3 5 2 

6 X 6 + 2 = 38 





19 


13 



6 




117 
6 


18 
11 


= 36 X the proposed quantity 
0= 2 X 




124 


9 


— 38 X 






Ex. 


4. Divide 124 tons 9 cwt. by 38. 








tons cwt. t. c. q. 

38) 124 9 (3 5 2 . 
114 








10 








20 








38) 209 (5 cwts. 
190 

19 

4 

38) 76 (2 qrs. 
76 



Ex. 5. Find the value of f of 135£. 16s. 10^. 

Ans. 90£. 1 1*. Sd. 
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Ex. 6. What is the eighteenth part of 21 acres 24 perches? 

Ans. 1 acre 28 perches. 

Ex. 7. Multiply 5 hrs. 1 min. 19.2 sec. by 23, and divide 
the product by 31. Ans. 3 hrs. 4«3 min. 33.6 sec. 



THE COMPUTATIONS OF ARTIFICERS BY 
CROSS-MULTIPLICATION. 

48. Cross Multiplication is a convenient method of com- 
puting small areas and solid contents, and is principally used 
by artificers to estimate the superficial or solid contents of 
work done. 

The dimensions are commonly taken in feet, and parts de- 
creasing in a twelve-fold ratio, termed primes, seconds, 
thirds, &c., which are distinguished by accents placed a 
little to the right above the numbers to which they belong ; 
thus, 23 feet, 9 primes, 6 seconds, 4 thirds, &c , are written 
23/, 9', 3"y 4", &c. 

It is also called Duodecimal Multiplication and Duodeci- 
mals ; but the operations are not conducted in the duodecimal 
scale of notation, the digits of the several denominations not 
being connected with each other by the factor 12, though 
the denominations themselves are. 

The rule for conducting the operations of Cross Multipli- 
cation may be enunciated as follows. 

Rule. Write the terms of the multiplier under the cor- 
responding terms of the multiplicand. 

Multiply every term in- the multiplicand, beginning at the 
lowest, by each term in the multiplier successively, be- 
ginning with the highest, divide each product which is not 
of the denomination of feet by 12, and place the remainder 
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under the multiplicand when the denomination of the multi- 
plier is feety one place removed to the right when it is 
primes, two places when it is seconds, three when it is thirds, 
&C., observing always to add the quotient to the next 
product. 

The sum of the products thus obtained will be the one 
required. 

The nature of the process will readily appear from the 
following considerations : 

ft. ft. sq. ft. 

Feet X feet give square feet ; thus 2x 5 = 10 

Feet X primes give primes ; ... 2 x-r5= — =1^' 

5 10 ., 

Feet X seconds give seconds ? .,. 2 x T77= i~li-= 1^ 

2 5 10 » 

Primes x primes give seconds ; •••75^19^^14^=*^ 

Primes x seconds give thirds ; ... 77; ^ 777 = r^^o = 1 0"' 

12 l*^ nZo 

&c 

The terms of the given dimensions being linear feet and 
parts, descending to the right in a twelve-fold proportion, 
those of the resulting products are square feet and parts, de- 
scending to the right in the same proportion, the primes, se« 

conds, &c. of the latter being — sq. ft., — sq. ft, &c. 

If these products be multiplied by other linear dimensions, 
the result will be cubic feet and parts, descending in a twelve- 
fold proportion. 

Ex. 1. Let it be required to find the area of a rectan- 
gular parallelogram whose adjacent sides are 8 ft. G' 9^ and 
7 ft. 3' 3^ 
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Multiplying 8 ft. 6' 9^ by 7 ft. 3' 3' according to the rule, 

we have 

8/ 6' 9^ 

7 3 3 



59 11 3 
2 18 3 
2 1 8 3 

sq. ft 62 3' 0' 11'" 3""= area. 

£x. 2. Let the solid content of a parallelepiped be re- 
quired, the length of which is 2 ft. 3', the width 1 ft. 7', and 

the depth 9^ 4^. 

2/ 3' 

I 7 



2 


3 




1 


3 


9 


sq. ft. 3 


6' 


9^ 




9 


4 


2 


8 





« 


1 


2 


iln^. cu. ft. 2 


9' 


3^ 



Ex. 3. What is the area of a floor, its length being 
1 5 ft. 9' S" and width 1 2 ft. 5'? Ans. 196 sq. ft 3' 4'- 

Ex. 4. How many square feet of glass are there in 4 
windows, each measuring 5 ft. 7' in height and 3 ft. 5' in 
width ? Ans. 76 sq. ft. 3' S''. 

Ex. 5. The edges of a cube being 2 ft 8 in., what is its 
solid content? Ans. 18 cu. ft. 11' 6* 8"'. 

Ex. 6. What is the solid content of a piece of hewn tim- 
ber, the length of which is 22 ft 3 in., and the mean breadth 



ARITHMETIC. 73 

and thickness each 1 ft. 3 in.; the solid content being the 
continued products of the length, the mean breadth, and 
mean thickness ? Ans. 34 cu. ft Q' 2^ 3"'. 

Ex. 7. Find the solid content of a piece of rough timber, 
of which the length is 15 feet, and mean girth 82 inches; 
the solid content being the product of the length and the 
square of one-fourth of the mean girth ? 

Am. 43 cu. ft. 9' 3^^ 9'". 

49. Brick-work being measured by the rod of 16^ feet, 
and 272^ square feet of brick-work, a brick and a half 
or three half-bricks thick, being reckoned a square rod, if 
the thickness of a wall be more or less than a brick and a 
half, it is necessary, in order to ascertain the amount of 
brick-work, to reduce its thickness to this standard by multi- 
plying the superficial content of the side of the wall by the 
multiple or fraction which the given thickness is of a brick 
and a half. 

Ex. 1. Required the amount of brick- work in a wall 
which is 363 feet long, 9 feet high, and 2^ bricks thick. 

5 5 

The given thickness = ^ bricks = - of 3 half-bricks, 

and therefore the amount of brick- work 

5 5445 

= 363 ft. X 9 ft. X - = 5445 sq. ft. = ^;r^ sq. rds. = 20 sq. rds. 

This evidently is increasing the side of the wall by the 
bricks taken from its thickness, whether by making it twq- 
thirds higher, or two-thirds longer, or otherwise, the thick- 
ness of a brick and a half being preserved throughout. 

Ex. 2. How many square rods, &c., are there in a vfa\l 
which is 76 ft. 6 in. long, 7 ft. 4 in. high, and 3-^ bricks 
thick? Ans, 4 sq. rods, 220 sq. ft. 

H 
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Ex. 5. A garden is enclosed by a wall, the mean length of 
which, found by measuring the outer and inner side, and 
taking half the sum of these dimensions, is 235 ft 6 in., the 
height 9 ft 4 in., and the thickness 3 bricks ; how many 
square rods, &c., does it contain ? 

Ans. 16 sq. rods, 40 sq. ft. 



RATIO AND PROPORTION. 

50. By the term Ratio is meant the relation which exists 
between two quantities of the same kind, with respect to 
magnitude. 

Hence the ratio of 6 to 3, written thus 6 : 3, denotes the 
magnitude of 6 with respect to 3, and is obviously equivalent 

to - =: 2, the former term, called the antecedent, being 

double of the latter, which is called the consequent. Simi- 
larly, the ratios of 4 to 5, 3 to 7, 5 to 10, &c., may be ex-s 
pressed thus, 4:5, 3:7, 5 : 10, &c., or thus, 

4 3 5 5 1 

5 ' 7 ' 16 ' *^" ^^ ^^^^^ ^ • ^^ "^ To "^ 2 "^ ^'^' 

A ratio is said to be a ratio of greater or less inequality^ 
according as the antecedent is greater or less than the conse- 
quent, or as the fractions which represent them are greater 
or less than 1. 

(a). It is manifest from Art 10, that the terms of any 
ratio may he multiplied or divided by the same number ufithoui 
altering its value. 

51. A ratio of greater inequality is diminished and of 
less inequality increased by adding the same quantity to both 
its terms. 
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First, let us take the ratio of greater inequality 7 : 3, and 
add 2 to both its terms, so that it becomes 9:5; then 

the former ratio = ;r = —^ , and the latter ratio =-=—-; 

3 15 5 15 

hence it is evident that the new ratio is less than the original 
one, (Art. 23, p. 17). 

Secondly, if we take the ratio of less inequality 3 : 5, and 

add 2 to both its terms so that it becomes 5:7, we have 

3 21 5 25 

the former ratio =-=--, and the latter ratio ===== -r-: , 

5 35 7 35 

in which case the new ratio is greater than the original one. 

See also Art. 29, p. 23. 

52. Proportion consists in the equality of ratios. Thus 
the ratio of 3 : 4 being equal to that of 6 : 8, the four 
numbers 3, 4, 6, 8 constitute a proportion which is written 
thus, 3:4 = 6:8, or thus, 3 : 4 : : 6 : 8, and read thus, 
3 is to 4 as 6 to 8 ; it may also be written fractionally, thus, 

3 _ 6 

4 8' 

5S. In the proportion 3 : 4 : : 6 : 8, if we multiply the 

3 6 
equal ratios - and - by 4 X 8 or 32, we have 3 X 8=6 X 4, 

that is, the product of the extreme terms = that of the mean 
terms : and if we divide these equal products by 3, we have 

8 = — r— , or the fourth term ss the product of the second 
3 

and third divided hy the first. 

(a). Hence, if the first three terms of a proportion be 
given, the fourth may be found ; and it may be shewn, in the 
same manner, that either of the extremes may be obtained 
by dividing the product of the means by the other, and 
either of the means by dividing the product of the extremes 
by the other. 
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(b). Hence also it is obvious, that the first and second, or 
the first and third terms of a proportion^ may be divided by 
any common factor without altering t^te value of the fourth^ 
(Art 10). 

54. If we have two proportions, as 

4: 5 :: 12 : 15 and 8: 12:: 2:3, 

4 12 ^ 8 2 
or - = — and — = - » 

5 15 12 3 

we have, by multiplying together the corresponding terms of 

,. ,4x8 12 X 2 

these equals, -z r^ = tt ^> 

^ ' 5 X 12 15 X 3 

or 4 X 8 : 5 X 12 :: 12 X 2 : 15 X 3; 

and if the corresponding terms of any two proportions be mul- 
tiplied together, the products thence arising will form another 
proportion, 

'The same is true of any number of proportions. 

This is called compounding the proportions. 

55* In the proportion 3 : 4 : : 6 : 8, or 7 = 3* we have, 

by dividing 1 by each of these ratios, - = ^, .'. « ^== o» 

3 6 3 o 

4 8 

or 4 : 3 :: 8 : 6 ; hence we infer that if the terms of any two 
equal ratios be inverted, the resultiTig ratios will be equal, or 
in other words, the four quantities will still constitute a pro- 
portion. 

56. In the proportion 3: 7:: 12: 28, by multiplying 
each of the equal ratios by that of 7 :^12, thus 

S^7_12^7 . 3 7 

7''r2-2-8-^ i2'^"^^^"F2==28' 

or 3: 12::7 : 28; 
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Hence, if the terms of a given proportion be taken cUter- 
nateh/f (hey will constitute a proportion. 

57* Again, if we add 1 to the equal ratios 7 : 3 and 
21 : 9, we shall have 

Ij-i ^^ j_ I . 7+3 _ 21 -f 9 
3'*"9'*"''" 3 9 ' 

or 7 + 3 : 3 :: 21 + 9 : 9. 

Hence the rcttio of the first term -f- the second to the second 
= thcU of the third term -f- the fourth to the fourth term, 

58. If we subtract 1 from the equal ratios 7 : 3 and 21 : 9, 
we shall have 

7 , _ 21 7-3 _ 21-9 

3 " ^ ~ 9* " ' •'• ""3 9 ' 

or 7-3:3:: 21 -9:9; 

Hence the excess of the first term above the second has to 
the second the same ratio that the excess of the third above the 
fourth has to the fourth, 

59. By inverting the terms of the equal ratios 7 : 3 and 
21 : 9, Art. 55f and compounding the resulting proportion 
with 7 — 3 : 3 :: 21 -9 : 9, Art. 54, we have 

7-3 3 _ 21 — 9 9^ . 7 — 3 _ 21 -- 9 
^3~*^7"" 9 ^21' 7 2i~' 

or 7-3: 7 :: 21-9: 21, 
and 7 : 7-3 :: 21 : 21 -9; (Art. 55,) 
Hence the first term has to its excess above the second the 
same ratio that the third has to its excess above the fourth. 

60. From the proportion 7 : 3 :: 21 : 9, we have, in 
Art. 57, obtained the proportion 7 + 3:3::21+9:9, 
and in Art. 58, 7 — 3 : 3 : : 21 — 9 s 9 ; now if we invert 
the terms of the proportion obtained in Art. 58, and com- 

hS 
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pound the resulting proportion with that obtained in Art. 57» 
which, it may be observed, is nothing more than dividing the 
former equal ratios by the corresponding ratios of the latter 
proportion, we have 

7 + 3 3 _ 2I+9 9 . 7+3 _ 21+9 

3 ^7-3 9 ^21-9' "7-3 21-9' 

or 7 + 3: 7-3:: 21+9: 21-9; 

Hence the sum of the first and second terms has to their 
difference the satne ratio that ike sum of the third and fourth 
has to their difference. 

61. From the same kind of reasoning it will follow, that 
if there he any number of equal ratios whatever ^ any one of 
the antecedents is to its consequent as the sum of all the ante- 
cedents to the sum of all the consequents. 

62. The relative magnitudes of the quantities which con- 
stitute any proportion are evidently independent of the 
manner in which they are expressed ; the terms of a propor- 
tion may, therefore, be abstract integers^ vulgar or decimal 
fractions, or compound numbers. 

63. The demonstrations which are given here are neces- 
sarily confined to particular instances, but the same reason- 
ing may be applied in every case ; and by adopting general 
algebraical symbols the demonstrations may be made general. 

64. The terms Ratio and Proportion being used here in 
the same sense as they are in Geometry, are generally called 
Geometrical Ratio and Geometrical Proportion. The terms 
Arithmetical Ratio and Arithmetical Proportion also are 
sometimes employed to signify the relations of numbers in 
respect of their Differences. 
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SIMPLE PROPORTION, OR THE SINGLE RULE 

OF THREE. 

65. The application of the doctrines of Ratio and Pro- 
portion to the solution of questions in which a fourth term is 
to be found from three that are given, constitutes what is 
commonly called the Single Rule of Three. There is, how- 
ever, a variety of questions to which the doctrines of Ratio 
and Proportion are similarly applied, but which are generally 
classed under different heads, with appellations suitable to 
their nature. 

In all questions of this kind, one of the given magnitudes, 
of which there are two of the same kind, has to the other the 
same ratio which the third given magnitude has to the one 
required ; and from the proportion thus established the fourth 
or required term may be found by Art 53. 

Ex. 1. If 6 men reap 30 acres of corn in 10 days, how 
many acres will 8 men, working at the same rate, reap in the 
same time ? 

Here it is clear that the ratio of 6 men to 8 is the same as 
that of the number of acres which 6 men can reap in the 
given time, to the number which 8 men can reap in the 
same time : adopting, therefore, the notation of Art. 50, and 
proceeding to find the fourth term by Art. 52, we have 
6 : 8 : : 30 : the number of acres required, 

or 1 : 8 :: 5: 

/. the required number = 8 x 5 = 40. 

Ex. 2. Find a number which shall have to 9 the same 
ratio which 20 has to 15. 

Here we have 20 : 15 :: required number : 9, 
or. Art. 55, 15 : 20 :: 9 : required number, 

Art 52, A 1 : 4j::3 : 

.'. the required number =4x3=12. 
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^ ., required number 20 , , , , . 

Or thus, — * = — , and multiplying these 

equal ratios by 9, we have 

20 y 9 
the required number = — r-^ — =4 X 3 = 12. 

15 

Ex. 3. If the pendulum of a clock vibrate 240 times in 
4 minutes, how many times will it vibrate in an hour and 
three quarters ? 

The number of vibrations being the same in equal por- 
tions of time, we have the following proportion, 

in* Ji> 

4 : If :: 240 : the required number; 

and expressing the terms of the former ratio in the same de- 
nomination previously to multiplying and dividing, we have 

in, ID. 

4 : 105 : : 240 : the required number, 

or, 1:105:: 60: (Art 52, ft.), 

.-. the required number = 105 x 60 = 6300. 

Ex. 4. If § of a ship be worth 3000£, what is } of her 

value? 

2 1 

- : - :: 3000JE. : the value required ; 

3 6 

whence the value of ^ of the ship 

= 3000£. X I -^ I = 500£, X I = 750£. 

6 3 2 

Ex. 5. The hour and minute hands of a clock are in con- 
junction at 12 o'clock; at what instant between 3 and 4 
o'clock are they together ? 

Since the hands move uniformly at rates in the ratio of 
12 : 1, it is manifest that at the required time the spaces 
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moved over by them and indicated by the hours, must be in 
this ratio ; we shall therefore have, between 3 and 4 o'clock, 

36 4- required time : required time :: 12 : 1, 

/. 36 : required time :: 11 : 1, (Art. 58)« 

hn. xn. Mc. 

/. the required time = f| hrs. = 3 - 16 - 21^\ (Art. 53, a.) 

Ex. 6. A cistern is filled by a tap ^ in a quarter of an 
hour, and by a tap B in 25 minutes ; also its whole content is 
discharged by a tap C in half-an-hour; in what time will it 
be filled if the three taps be all left open together ? 

Representing the content of the cistern by 1, we have 
■^ = the portion through Aval minute, 



^ — B 



■5T ~ 



1 n 

\ A " •■••..••••.••••••••••••• VX ••••••••••• ••• 

And it is evident that •iV+-aV~~"3V or -^-^ is the portion 
of the cistern filled in 1 minute when the three taps are left 
open together; whence we have the following proportion, 

n. xn. 

^^ : the whole content of the cistern : : 1 : 13^ 
the required time. 

Ohs. 1. In the preceding examples the proportion is 
termed Direct. 

Ex. 7. If 8 men can complete a piece of work in 12 days, 
how many days will it take 6 men, working at the same rate, 
to complete the same ? 

Here, 8x12 = the number of days in which 1 man could 

8 X 12 
do it, .'. — 2 — = 16, the number of days required for 

6 

6 men to do the same : 

men men days days 

or 6 : 8 : : 12 : 16. 
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Obs, 2* In this example^ the time is increased as the 
number of men is diminished ; or, in other words, the time 
varies inversely as the number of men, and the proportion is 
therefore termed Inverse. 

Ex. 8. Find a number which shall have to 40 the ratio of 
3.75 to 3- Ans. 50. 

Ex. 9. The rateable value of a parish amounts to 1750£., 
and a rate of 32£. I6s, 6d, is levied; what is that in the 
pound? Ans, ^j^. 

Ex. 10. How much must a person spend in a week in 
order to lay by 30£. in a year, if his annual income be 
25 1£.? Ans. 4£. 5s, 

Ex. 11. If three-fifths of an estate be worth 75£., what is 
the value of the whole? Ans. 125£. 

Ex. 12. If a stick, which stands perpendicularly 3 feet 6 
inches, project a shadow 7 feet long, what is the perpendicular 
height of a small object whose shadow, at the same time, is 
46 feet from the point immediately under it ? 

Ans. 23 feet. 

Ex. 13. At what instant between 2 and 3 o'clock do the 
hour and minute hands of a clock point in directions exactly 
opposite ? Ans. 2h. 43m. 38 -^ sec. 

Ex. 14. If 800 soldiers consume 5 barrels of flour in 
6 days, how many will consume 1 5 barrels in 2 days ? 

Ans. 7200. 

Ex. 15. If a besieged garrison have provisions for 21 days, 
at the rate of 20 ounces a day for each man, to what quan- 
tity must each man's allowance be reduced, in order that 
the provisions may last 30 days? Ans. 14 ounces. 
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PRACTICE. 

66. Many questions involving the doctrines of Ratio and 
Proportion admit of an easy solution *by means of aliquot 
parts, which for that reason generally come under the de- 
nomination of Practice, 
£xl 1. What is the value of 72 dozen at Is, Id, per dozen. 

72«. = the price at Is* 

.'. iof72*. = 36«. = 6d. 

andJof36«.= 6«. = Id. 

/. 114j*., or5£. 14«. = the price at 1«. 7rf. 
The operation is usually written thus, 



6d. 
1 



72 

36 

6 



20) 114*. 



5£. 14*^. 
Ex. 2. Required the value of 1874 lbs. at lOf^/. per lb. 



6d. 
3 

'I 



^. 



1874 



937«. =the price at 6d, 

468 -ed.^z Sd. 

234-3 = IW. 

20) 1678 - 9i 



83£. 185. 9^.= the price at lOfcf. 

Ex. 3. Find the value of 5 cwt. 2 qrs. 14 lbs. at 2£. 5«. 6<f. 
per cwt. 



2 qrs. 



14 lbs. 



i 



£. 



M, d» 



2 » 5 - 6 = price of 1 cwt. 
5 



1 1 - 7 - 6 = 5 cwt. 

1 - 2- 9 = 2 qrs. 

5- 8i = 14 lbs. 

12- 15- Hi = 5 cwt. 2 qrs. 7 lbs. 
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Ex. 4. What is the value of 454 at 2$. 9dL each ? 

Ans. 62£. 8*. Qd. 

Ex. 5. What is the value of 95^ at 9|(2. each ? 

^n«. 38£. 14«. 7ii. 

Ex. 6. What is the value of 274 at lOs. 9d. each? 

Am. 147£. 58, 6d. 

Ex. 7. What is the value of 1834 at 27*. 6d. each ? 

^7t«. 2521£. 168. 

Ex. 8. What will be the amount of rate on an assessment 
of 37259£. 10*., at lOjrf. in the pound? 

Ans. 1630£. 28. O^d. 

Ex. 9. What is the dividend on 30£. 15«., at Sd. in the 
pound? An8. 7s. 8^. 

Ex. 10. What is the value of 11 cwt. 3 qrs. 8 lbs., at 
5£. 7«. 6d. per cwt.? Ans. 63£. 10*. 9^. 

Ex. 11. What is the yearly rent of 1200 acres, 3 roods, at 
28*. 6rf. per acre? Ans. 171l£. Is. 4^. 

Ex. 12. What will be the expense of carpeting a room 
which is 32^ feet long and 23| wide, at 5s. 6d, a square 
yard ? Ans. 23£. 4*. 1 1, frf. 

COMPOUND PROPORTION. 

67. Under this head are comprehended questions which 
require one or more repetitions of the process made use of in 
simple proportion, or, which is equivalent, a compounding of 
the proportions. When the question involves two simple 
proportions, it is also said to belong to the Double Rule of 
Three. 

Ex. 1. If a family of 9 persons spend 300£« in 8 months ; 
how much money will serve 17 persons 11 hionths, at the 
same rate of expenditure ? 
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This question suggests the following proportions, 

pen. pen. £. 

9 : 17=300 : the sum required by 17 persons in 8 months, 

mo. mo. 

and 8 : 11 = the sum required by 17 in 8 months : the sum 
they require in 1 1 months. 

Such terms as the fourth of the first proportion, and the 
third and fourth of the second proportion, are usually repre- 
sented by symbols, thus • 

9 : 17 = 300 : a?, 

and 8:11= x : y ; 

we have, therefore, by compounding these proportions, ac- 
cording to Art. 54, 

8 X 9 : 11 X 17 = 300 X a? : a? X y, 
or 72 : 187 = 300 : y, (Art 50), 

whence y, the required sum, = =779£. 3*. 4f/. 

6 

Here, by considering 8x9 and 11x17 as causes, and 
300£. and the sum required as effects, we have their ratios 
equal. 

It is obvious that the question might also have been solved 
by finding from the first proportion the sum required by 17 
persons in 8 months, and then substituting that sum in the 
second proportion, in which the fourth term is the sum re- 
quired. 

Ex. 2. If 30 bushels of com serve 3 horses for 50 days, 
how many days will 150 bushels serve 30 horses, at the same 
rate of allowance ? Ans, 25. 

Ex. 3. A wall 700 yards long was to be built in 29 days; 
at the end of 11 days 18 men had built 220 yards of it, how 
many additional men was it then necessary to engage to 
work at the same rate, in order that the wall might be com- 
pleted in the given time ? Ans, 6. 

I 
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Ex. 4. If 14 men, working 9 hours a day, dig a trench 
140 yards long, 2 yards wide, and 2 deep, in 4 days ; in how 
many days will 36 men, working at the same rate for 8 hours 
a day, dig a trench 280 yds. long, 4 yds. wide, and 2 deep ? 

Ans, ?• 

INTEREST. 

68. Interest is the charge made for the loan or use of any 
sum of money for any length of time, and is generally esti- 
mated at so much per cent per annum. The money lent is 
called the Principaly the interest of 100£. for 1 year the 
Rate per centy and the aggregate of the sum lent, together 
with its interest for any time, the Amount. 

Interest is said to be simple when it is paid for the prin- 
cipal only, and compound when paid for the amount as it 
becomes due. 

69. To ascertain the simple interest of any given sum for 
a given time, we obviously have the following proportion, 

100£. : the given sum = the rate per cent. : the interest 

for one year, 

whence the interest for one year 

the given sum x the rate per cent. 

"" 100 

and this multiplied by the time will give the interest required* 

Ex. I. What is the interest and amount of 537£. 10#. for 
3 years and 9 months at 4 per cent, per annum? 

£, 8. 

537 10 
4 



£21.50 ^interest for 1 yr., pointing off two digits to the 
20 right, being equivalent to dividing by 100. 

«. 10.00 
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6 mo. 





£. 


«. 




i 


21 


10 
3 






64 


10 




i 


10 


15 






5 


7 


6 



= interest for 1 yr. 



= 3 yrs. 

=: 6 mo. 

= 3 mo. 

80 12 6 = 3 yrs. 9 mo. 



80 
537 


12 
10 


6 



618 


2 


6 



» interest required 
=s principal 

= amount. 



Or, expressing the given sum, the RaJdOj which is 

the rate per cent. j ^, ^. , . „ 

— ^- , and the time decimally, the interest 



may be found thus, 



537.5 
•04* ratio 



21.500 
3.75 time 



1075 
1505 
645 

£80.625 
20 



«. 12.500 
12 



rf.6.0 

Ex. 2. Find the simple interest and amount of 500 
guineas for 1 year at 3^ per cent, per annum. 

Ans. 18iS. 7«. 6(i., and 543£. 7^. 6^/. 

Ex. 3. What is the interest of 63£. 15«. for \\ year, at 
4^ per cent, per annum? Aug* 3£. 1 U. 8^/. 
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Ex. 4*. What is the amount of 500£. in 4f^ years, at 4^ 
per cent per annum ? /fns. 600£. 1 8s, 9d, 

The interest for any number of days is generally calcu- 
lated from the following proportion, 

days 

365 : given number of days = in t for 1 yr. : int. for those days, 
and when the time consists of both months and days, a more 
correct result may be obtained by finding the interest of the 
months and days, reduced to days, by the above proportion. 

70. To find the ampunt of a sum of money in a given 
time at compound interest, first find the amount for one year, 
as in simple interest; then considering this as a new principal, 
find its amount for the second year, and so on for any given 
length of time. 

Ex. 1. What is the amount of 300£. for 2^ years, at 3^ 

per cent per annum ? 

£, 
300 
.035 ratio 



10.500 = interest for 1st year. 
300 



310.5 = 1st year's amount 
.035 



10.8675 = interest for 2nd year. 
310.5 



321.3675 = 2nd year's amount. 
.035 



2) 1 1 .2478625 = interest for 3rd year. 

5.62393125 = interest for ^ the 3rd year. 
321.3675 



£326.99143125 = 326£. 1 9*. 9d. 3.774^. = am*, req**. 

Ex. 2. What is the amount of 3l7£. lOs, for 2 years, at 
3 per cent, per annum, compound interest ? 

Am. 336£. \6s. Sd. 2.S^q. 
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Ex. 3. What is the amount of 41 3£. 17«. 9d. for 2^ years, 
at 4^ per cent, per annum, compound interest? 

Am. 4f62£. 2s. lOd, 3.148. ..9. 

Ex. 4. What is the amount of 550£. lOs. in a year and a 
half, at 4 per cent, per annum, compound interest, supposing 
the interest due half-yearly ? Ans. 584£. Ss. lOd. 3.203. ..9. 

Ex. 5. What is the amount of 315£. lOs. in a year and 
three quarters, at 5 per cent, per annum, compound interest, 
supposing the interest due half-yearly ? 

Ans. 344£. Id. 1.702...$'. 

COMMISSION, BROK'ERAGE, AND INSURANCE. 

71. Commission, Brokerage, and Insurance, being charges 
made at certain rates per cent., are calculated in the same 
manner as the interest for one year at the same rate. 

Ex. 1. What is the commission on 500 guineas at f per 
cent.? Ans. l£. 1 9s. 4^. 

Ex. 2. What is the brokerage of 1549£. 10s. at 2^ per 
cent.? ' Ans. 38£. Us. 9d. 

Ex. 3. What premium must be paid for insuring 3120£. 
at 1^ per cent? Ans. 46£. \6s. 

Ex. 4. What is the insurance, at 10| per cent, of a ship 
and cargo valued at 4500£.? Ans. 483£«' ] 5s. 



DISCOUNT. 

72. Discount is an allowance made for the payment of 
money before it becomes due. 

If the discount be subtracted from any proposed sum, the 
remainder is termed its Present vwrthy being that sum which, 
with interest at the same rate, would amount to the given 

i3 
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sum at the time it becomes due. Thus 100£. is the present 
worth of 105£. due at some future time, discount being made 
at 5 per cent. 

To find the discount of any sum we obviously have the 
following proportion; the amount of 100£. for the given 
rate and time : the given sum : : the interest of 1(X)£. for the 
given time : the discount of the given sum. And to find the 
present worth, we have the following proportion ; the amount 
of £100. for the given rate and time : the given sum :: £100. 
: the present worth. 

Instead however of finding the present worth by this pro- 
portion, the usual practice is to deduct from the sum due at 
a future time the interest upon it. Thus if the present value of 
100£. due a year hence, be required of a banker, at 5 per cent 
discount, he will pay but 95£; now the interest of 95£. for one 
year is only 95«., there is, therefore, a gain to the Banker of 
nearly ^ per cent^ the sum which he would have to pay, by 
the proportion given above being 95£. 4^. 9d, .f q. 

Obs. Since the discount taken from the proposed sum 
gives the present worth, and the present worth taken from the 
proposed sum gives the discount, either of these being found 
the other may be obtained by subtraction. 

Ex. 1. What are the present worth and discount of 
65 1£. ISs, 4«Ki, due 5 months hence, at 4-^ per cent, per 
annum ? 

First, to find the amount of £100 for 5 months, we have 

£. 5. d. 

4 10 = interest of £100. for 12mo. 



4mo. 
1 



i 



1 10 = 4 

7 6= I 



1 17 6 = 5 ... 

100 

101 17 6 = amount of 100£ for 5 months. 
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Whence, 
101£. lis. 6d : 100£. :: 651£. ISs. 4c/. : 6S9£. ISs. 5^.Hi- 

Also, 651 13 4 = proposed sum 

639 1 3 5i if^ = present worth 

11 19 10^ -^ = discount 



Ex. 2. What sum ought to be discounted, at the rate of 
5 per cent, per annum, for the present payment of 700£. 
due 18 months hence? Ans, 48£. 16s, 8|cf. |^. 

Ex. 3. Determine accurately the present worth and dis- 
count of 140£. due 9 months hence, at 4 per cent per an- 
num ? Ans. 1 35£. IBs. S^d. ^, and 4£. U. 6^. J^. 

Ex. 4. How much would a banker deduct on the present 
payment of 500£. due 15 months hence, with discount at 
5 per cent, per annum? Ans, 3l£. 5s. 

Ex. 5. By how much does the interest of 1073£ exceed 
the discount for 1 2 months, at 5 per cent ? 

Ans.2£. Us. l^. 

EQUATION OF PAYMENTS. 

73. The Equation of Payments is the finding of the proper 
time for the payment of two or more sums of money due at 
the ends of different periods. 

Here it is evident that in order that neither party may be 
the loser, the interest of the sums due before the equated 
time must be equal to the discount of those due after that 
time ; but in practice it is usual to make the interest of the 
sums due before the equated time equal to the interest of 
those due after that time. 

Hence, since, on the latter supposition, the terms of the 
ratio each debt x its time : the sum of the debts x the equated 
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time are manifestly equal, the common method is to multiply- 
each debt by its time, and to divide the sum of the products 
thus obtained by the sum of the debts ; regarding the quotient 
as the equated time. 

Ex. Suppose that of a debt of 1000£, 400£ becomes due 
3 months hence, and the remainder 8 months hence, find the 
equated time for paying the whole. 

By the common method, 

.u .A.' 4.00 X 360+0 X 8 60 

the equated time = — — ^ = —- = 6 months. 

A method of ascertaining the true equated time will be 
found in the Algebra. 



STOCKS. 

74<. The different national stocks, or public funds, are 
named according to the terms on which they were raised : 
thus the stock which pays 3 per cent. ,per annum to the 
holders is called 3 per cents ; that which pays 4 per cent, is 
called 4 per cents., and so on. Transfers of stock are made 
at so much per cent., the price fluctuating according to the 
demand : thus when the price of any particular stock is said 
to be 83|, 83£. Ms. 6d. must be paid for 100£. of this stock; 
or if the price be 84|, 84£. 78.6d. must be paid for each 100£. 
Stock is generally transferred by means of a broker, and the 
brokerage is added to the price of a purchase, but deducted 
from a sale of stock. 

Ex. 1. What must be given for 1500£. stock at 85^, 
brokerage being ^ per cent ? 

First, 85i + J = 85| = 85.625 ; then, 
from the nature of the question, we have the following pro- 
portion, 
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Stock 



Stock 



£. 



&. 



«. d. 



100£. : 1500£. :: 85.625 : 1284 7 6, the sum required. 

Or, by Practice; 



50 


i 


25 


i 


10 


i 


* 


1 


* 


i 



1500 

750 

375 

150 

7 
1 



= price at £100 



10 
17 



6 = 



1284 7 6 = 



50 
25 
10 

85| 



Ex. 2. What sum will purchase 4000£. stock at 63f, 
brokerage being ^ per cent.? Ans, 2550£. 

Ex. 3. How much stock at 90f , will 2353£. purchase, 
brokerage being ^ per c6nt.? Ans. 2600£. 

Ex. 4. What sum, including ^ per cent, for brokerage, 
must be invested in the 3 per cents, at 90|, to produce an in- 
come of 500£. a year? Ans. 15166£. 13*. Ad. 

Ex. 5. What rate of interest does money invested in the 
3 per cents, at 90 pay, brokerage being included in the price ? 

Ans- 3^ per cent. 



BANKRUPTCY. 

75. (a.) The shares of the creditor s^ when the valtte of the 
effects is knottm, may be computed by the following propor- 
tion ; — the sum of the debts : the value of the effects : : the 
debt of each creditor : his share. 

(ft.) How much in the pound a bankrupts estate will pay ^ 
may be ascertained by this proportion ; — the value of his 
effects : the amount of his debts ::!£.: the sum required. 
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(c.) To complete the sum a creditor tcill receive at a certain 
composition or dividend, we have the proportion 

l£ : its dividend : : each creditor's debt : his share, which 
may easily be solved by ^^ Practice'' 



PARTNERSHIP. 

76. (a.) The respective shares of two or more persons hav' 
ing a joint stocky or common interest in a mercantile or other 
concern, may be determined by the following proportion ; — 
the whole stock or capital : the whole gain or loss : : each pro- 
prietor's share : his share of the gain or loss. 

(ft.) When the stocks of the individual proprietors are em- 
ployed for different times, or under different circumstances^ 
their shares of the profit or loss may be determined from this 
proportion ;— the sum of the products arising from multiplying 
together each proprietor's stock and time : the whole gain or 
loss : : each individual product : the corresponding share of 
the gain or loss. 



THE DOCTRINE OF EXCHANGE. 

77. By Exchange is to be understood the act of bartering 
the money of one place or country for that of another. Its 
operations therefore consist in ascertaining by means of a 
simple proportion what sum of money of one country is 
equivalent to any given sum of another, according to some 
settled rate of commutation. 

The course of Exchange is the variable sum of the money 
of one plac^ which is given for a fixed sum of the money of 
another : and the Par of Exchange is the sum of money which 
is equal to that fixed sum. 
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Agio is the difference per cent in some foreign places, 
between the Batdt and the Current money; the former being 
finer or purer than the latter. 

A BiU of Exchange is a written instrument by means of 
which exchanges are effected. 

Usance is the usual time allowed for the payment of bills 
of Exchange ; it varies in different countries. 

At Amsterdam exchange is made by the pound sterling, for 
which Amsterdam gives to London a variable number of 
florins, from 11 to 13, more or less. 

16 pennings = 1 stiver, and 20 stivers = 1 florin. 

Id Paris Exchange is made by the pound sterling, for which 
Paris gives 24 or 25 francs. 

10 centimes=l decime, 10decimes=l franc =1 ^ livre. 

At Lisbon Exchange is by the milree, for which London 
gives from 45 to 55 pence, more or less. 

1000 rees = 1 milree. 

To change Bank into Current money ^ 

100 : bank = 100 + the agio : currency. 

To change Current money into Banky 

100 + the agio : currency = 100 : bank. 

Ex. 1. How many florins, &c. must be received for a bill 
of 572£. 14» sterling, remitted from London to Amsterdam, 
exchange being at 11 florins 10 stivers ? 

Sterling Sterling Flo. Sti. Flo. Sti. 

1£. : 572. 7£ = 11 - 10 : 6586 - 1. 

Ex. 2. How much sterling must be paid in London to re- 
ceive in Paris 5740 francs 14 centimes, exchange at 24 francs 
22 centimes ? Ans. 237£« 
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Ex. 3. How many milrees may be drawn at Lisbon for a 
bill of 284£. Ss. 6d. paid in London, exchange being at 3*. 
10j€?. per milree ? Ans. 1 468. 

Ex. 4. What is the course of exchange between London 
and Lisbon, when 1512 milrees are received for 315£. ? 

Ans. SOef. 

Ex. 5. Change 364 florins 10 stivers bank into current 
money, agio 3^ per cent. Ans, 377 flo. 5 sti. 2. 4 pen. 

78. The Jrbitrationy or Comparison of Exchanges, is the 
determining of such a rate of Exchange, called the Par of 
Arbitration, between any number of places, as shall corres- 
pond with any assigned rates between each of them and 
another place. After computing this par of arbitration, by 
comparing it with the present course of Exchange, a person 
knows how to remit his money with the greatest advantage. 

Arbitration is styled simple or compound, according as three 
or more places are concerned. 

Further information on this subject, may be found in Dr. 
Kelly's Universal Cambist, 
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ALGEBEA. 



DEFINITIONS AND NOTATION. 

Art 1. Algebra is the science of general mathematical 
reasoning by means of Signs and Symbols: the symbols being 
employed to represent magnitudes or quantities, and the 
signs to express their mutual dependence upon each other. 

2. The symbols employed are the letters of the English 
or Roman, and Greek alphabets, and the relations of the 
quantities which they represent, or their mutual dependence, 
are expressed by connecting the symbols principally by the 
signs which are used in Arithmetic. 

In this manner algebraical expressions are formed, which 
through various transformations are converted into general 
available formulae; and thus, whilst Arithmetic effects the 
solution of a particular problem, Algebra indiccUeSy in general 
terms, the solutions of all questions under the same or similar 
circumstances. 

3. In the solution of problems, the letters from the be- 
ginning of the alphabet are usually selected to represent the 
known quantities or data, and the letters from the end of the 
alphabet the unknown quantities, or quaesita. 

B 
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4. Quantities having the sign plus^ +y before them, are 
termed positive, and sometimes additive or affirmative; and 
those which have mintsSi — , prefixed to them, negaHve or 
iubtracHve, 

5. In Arithmetic the signs 4* &nd — are used to indicate 
the inverse operations of Addition and Subtraction only; but 
in Algebra they are employed also to denote contrariety of 
direction, heat and cold, to distinguish forces pushing from 
forces pulling^ or any other opposite qualities or affections. 

The extended use thus made of these signs frequently pro-> 
duces negative results, which have no meaning in Arithmetic, 
(since there is no quantity less than zero or 0,) but which in 
Algebra are interpreted according to the suppositions previ- 
ously made. 

To illustrate this, let a and h represent two forces acting 
in opposite directions ; then, if a be positive h will be nega- 
tive, and vice vers4; and their result will be represented by 
their algebraical sum (see Art. 41,) which is a— & or 6— a, 
according as a is positive or negative: suppose a to be 
positive, and h to be equal to twice a, then their result 
will be a — b or a-^^a^ which is equivalent to — a, a force 
equal to a, - but acting in the opposite direction. Now 6 
being greater than a, the expression a^h has no meaning 
in Arithmetic, whilst in Algebra its interpretation is obvious 
from the assumptions previously made. 

Hence zero, which in Arithmetic is the absolute minimum, 
is considered in Algebra the common limit of positive and 
negative quantities ; which, by such assumptions, are made 
to follow the order of the series 

• •."~2/, ""Z, — 1,U, I, ^, o, ••• 
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6. When no sign is prefixed to a leading symbol or num- 
ber, -f- is understood ; for in writing an algebraical expres* 
sion. if the leading symbol be positive the sign is usually 
omitted : thus +a, -f-a+ft, -{•a — b-^-Cy are written a^ a+bf 
a~b jrc. 

7. The sign + is used to signify pltu or minus. 

8. The sign '•s^ is sometimes uf>ed to denote the difference 
of the quantities between which it is placed, when it is not 
known which of them is the greater : thus a '^ x denotes 
the excess of a above 4; or of x above a, according as a is 

greater or less than x\ and a ';!^ x signifies the sum or differ- 
ence of a and x, 

9. Multiplication is indicated by the sign x • read into^ as 
in Arithmetic, and also by a full point, and the quantities 
between which they are placed are called Factors, The 
signs of Multiplication, however, are generally omitted in 
Algebra : thus, a x b x c ox a,b»c is usually written abc. 

But it may be observed that the sign x should always be 
inserted between two numerical factors: thus the product 
4x7 will not be represented by 47; and if the full point be 
used, it may be confounded with the Decimal Point. 

10. The multiples of quantities, such as twice or, three 
times X, &c. are expressed by placing the corresponding num- 
bers, or their representatives, before them, thus, 2x, SXf,..nx .^ 
and the numbers or symbols thus prefixed are called their 
Coefficients. 

In the product 3a6a;., in which 3 is the numerical coeffici- 
ent of abxt Sa may be considered the coefificient of bx^ and 
Soft the coefiicient of x. 

When no coefficient is prefixed, 1 is understood. 
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11. Division, as in Arithmetic, is indicated by the sign -r-f 
or by writing the dividend over the divisor, and in this latter 
case the expression is called a fraction : thus the division of 

a by 6 is represented by a-r-ft, or by the fraction y. 

12. A factor of any product is called also a Measure of 
that product, since it divides it without a remainder : and 
when two or more quantities have a factor which is common 
to them, the common factor is called also a Common Measure 
of those quantities, since it divides each of them without a 
remainder. 

13. Quantities which are incommensurable, or which have 
not a common factor, are said to be prime to each other. 

14>. A quantity is called a Common Multiple of two or 
more others, when it exactly contains each of them any 
number of times, or when each of them divides it without 
a remainder. 

15. An algebraical expression consisting of only one term, 
is called a Simple^ or Monomial Quantity, as a, ab, — alfx, 

f.&c. 

A Binomial consists of two tenns connected by the signs 
+ or — ; Q8a + bya''b,aX'\-byf &c. 

A Trinomial consists of three terms connected by the 
signs + or — ; aaa + b + Cfax^by+eZf &c. 

Expressions consisting of many, or of an undefined or un- 
determined number of terms, connected in the same manner, 
are called Multinomials or Polynomials. 
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16. All expressions consisting of more than one term con- 
nected by the signs -h and — are called Compound QuantUief^ 

17. Compound quantities are further connected by means 
of the Vinculum , or by brackets ( ) or \\\ such a con- 

' nexion indicating that the quantities beneath the vinculum 
or within the braqjcets are to be taken collectively ; thus 

a + 6 — (c — rf) or a + ft— c — rf 

indicates the subtraction of c— (f from a-\-h ; 



\a^b'^(C'-d)\(x-{-y) or o + ft— c— rf. ar+y 
indicates the product of a 4-6 — (c^d) and a:+y. 

18. If in Multiplication the same quantity be repeated 
any number of times, the product is usually expressed by 
placing a little to the right above the quantity, the number 
which represents how often it is repeated ; thus, a x a> or cm^ 
is written a^, and is called the second power or square of a; 
aaa is written a',- and is called the third power or cube of a ; 
(uuxa^ where the symbol is four times repeated, is written aS 
and is called the fourth power of a; and if the symbol be re- 
peated any number (n) times in the expression cuia ..., it is 
written a", and is called the n^^ power of a; and the number, 
or its representative, indicating the number of times the 
quantity is repeated, is called the Index or Exponent of the 
power. 

When a symbol has no index or exponent, 1 is understood. 

19. The raising of a quantity to any proposed power is 
called Involution, 

20. One quantity is said to be the square, cube, or n^^ 
root of another, when its square, cube, or n^^ power gives 
the other quantity. 

b2 
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The square, cube, or n^^ root, of a is denoted thus : 
\/a, X^Of \/a, (the numeral 2 being omitted in expressing 
the square root) ; and the sign y^ is called the Radical Sign, 

From the definition of a root it follows, that 

\^a^=a, y/a^-a, ^a^—a, ... ^a^'^a. 
These roots are expressed also by fractional indices ; thus 

cL^y a^, ci^y a», 

represent the square, cube, fourth, and n^ root of a re- 
spectively ; 

* t - 
a , a , a™t 

represent the square root of the cube of a, the cube root of 
the fourth power of a, and the m^ root of the n^ power of 
a respectively. 

The consistency of the latter notation with the former, 
and with the definition of a root, will appear from the consi- 
deration, that 



t a 4 ? 

a'^sra, a^=fl, (r=a, ... «* =«. 



mr *> 



The nfi^ root of the n*^ root of a is denoted by y^ya or 

21. The extracting of roots is called Evolution, 

22. If the roots indicated cannot be exactly determined, 
the quantities are called Irrational^ or Surds; and if the 
radical sign be prefixed to a negative quantity, as y^ — a, it 
is also called an Imaginary or Impossible quantity. 

23. An algebraical expression is said to be of the first, se- 
cond, third, or n^^ Degree or Order^ and sometimes of one, two, 
three or n Dimensions^ according as there are one, two, three 
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or fi symbols involved in its terms ; thus a is of the first de- 
gree, €ia or a^ and ab are of the second degree, the terms of 
the expression 

are of the third degree ; and similarly 

are of the n^ degree, the degree of a product being found 
by taking the sum of the indices of the symbols involved in it. 

A numerical coefficient is not considered to affect the 
degree of a quantity. 

24>. The terms of an algebraical expression are said to be 
homogeneous when the degree or order is the same in each : 
thus the terms of the expression 

are homogeneous. 

25. Compound quantities are said to be arranged accord- 
ing to the powers or dimensions of any symbol involved in 
them, when the indices of that symbol occur in the order of 
their magnitudes, either increasing or decreasing. 

Thus, the terms of 

are arranged according to descending powers of a and ascend- 
ing powers of x. 

26. Similar or like algebraical quantities are such as 
differ only in their signs and numerical coefficients : thus a 
and —3a, —2a?* and Sar*, lobe and -5abcy a?** and — 2a?», 
are pairs of similar or like quantities. 

27. Unlike quantities differ in the symbols, or their expo- 
nents ; thus a, — 6, a*6, cuc^, — aa^'^, 7aa?", are unlike quan- 
tities. 



8 ALGEBRA. 

28. The sign =, as in Arithmetic, signifies that the quan- 
tities between which it is placed are equal; and the equality 
thus expressed is called an JSquadon. 

29. The signs > and < are used to express the inequality 
of the quantities between which they are placed ; > is read 
greater than, and < less than^ the angular point being always 
contiguous to the smaller quantity. 

30. Therrfore, or amuque«ay is expressed by .-. 
Because^ or since^ by * . * ; the two dots being placed uppermost . 

31. Points are made use of, as in Arithmetic, to denote 
Ratio and Proportion. 

32. The following Examples will serve to illustrate the 
method of Algebraical Notation. 

Let a:=i5^ 6=4, c=3, rf=2; and c=l; 
then a— 6 + 0—^=5-44-3-2=2. 

Sa-^2b^cd=3 X 5—2 X 4 + 3 X 2 = 13. 

o+6-(c— £f) = 5 + 4-(3— 2) = 9— 1=8. 

(a-c)(6 + flO = (5-3)(4 + 2)=2x8 = 16. 

a + 6 + c _ 54-4 + 3 _ J2 
16-(rf+e) ^ 16-(24.1) ~ 1 3 * 

a«=5x5=25, 

(d+ey=(2^ iy=S X 3 X 3=27. 

i/a + 6=^/5 + 4=^/9 = ^^3 X 3=V^3*=3 : 

or (fl + 6)*=(5 + 4)*=9^=(3x3)*=3*=3. 
lV(a + c)=\?'(5 + 3)=|>8=v^(2x2x2) = v/23=2; 
or (a + c)^=(5 + 3)*=8'^=(2 x 2 X 2)*=2*=2. 
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AXIOMS- 



33. Things which are equal to the same are equal to each 
other. 

34. If the same or equal quantities be added to equal 
quantities, the sums will be equal. 

35. If the same or equal quantities be taken from equal 
quantities, the remainders will be equal. 

36. If equal quantities be multiplied by the same, or by 
equal quantities, the products will be equal. 

S7< If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

38. If the same quantity be added to and subtracted from 
another, the value of the other will not be altered. 

39. If a quantity be both multiplied and divided by ano- 
ther, its value will not be altered. 

40. If one quantity be greater than another, and the same 
or equal quantities be added to, or taken from both ; or if 
both be multiplied or divided by the same or equal quan- 
tities, the results of the several operations on the greater will 
be greater than those of the same operations on the less. 

ADDITION. 

41. By Addition in Algebra is meant the connecting of 
the several expressions by their proper signs, and the collect- 
ing of like quantities into one term whose coefficient is the 
difference, with its proper sign, of the sums of the coefficients 
of the positive and negative terms respectively. 
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In performing the operation, the quantities to be added 
are either written in a continued line, or placed under each 
other, as in Arithmetic ; those quantities which are similar or 
like, are then collected into one term, and the result is 
written in a line. 

EXAMPLES. 

(I) 2a + ft — 3a? 

3a — 2ft + X 
a 4- ft — 5x 

6a — 7« 



In the first column of this example the coefficients of the 
like quantities have the same sign, and therefore their arith- 
metical sum is taken, with its proper sign In the second 
and third columns, difierent signs being involved, the differ- 
ence of the sums of the coefficients of the positive and nega- 
tive terms is taken with its proper sign, this difference being 
in the second column. 

This example might also have been written in a line ; thus 

2a + 3a + a + ft— 2ft + ft— 3a?4«— 5«=6a-l-2ft-2ft-8a? + af 

=6a- 7*. 

The terms might have been arranged in any other order, 
but generally it is most convenient to place them alphabeti- 
cally. 

(2) fl+& (3) a2+3«ft + ft« 

a— ft a^^zab^-h^ 

2a 2«* + 2ft« 



(*) 
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a* 

2 


+ 


ax 

Y 


— 


or* 

5 


3 


— 


ax 
4 


+ 


7 


5a« 




ax 




2ar« 


6 


+ 


T 




35 
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EXAMPLES FOR PRACTICE. 

(1) Required the sum of 

fl3— 3a264 3^i^— 63 and a^-^Sa%^^ab^^b^. 

Ans. 2a3 + 6a6«. 

(2) Required the sum of 

ai»-.6"4-3ajP, 2a™— 36»— a;P and a'»+46"— a:«. 

Ans, 4a™ + 2«P— ar«. 

(3) Required the sum of 

a— 6— c, b-{-C'-'dy rf— c-f-/, e—f^g. 

Ans. a—g^ 

(4) Required the sum of 

3fl2a? . oa?« 5a?3 ^ , a^a? . 0*2 . ga?^ 
a^-. — + ^ - _ and a3+ _ + _ 4- 3 , 

4 12 24 

(5) Required the sum of 

^-Sa^-gy', 2y2-.y3^2:S ary-^yHy^ 2*^-3^^. 

Ans. a?'+y*+«*. 
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SUBTRACTION. 

42. The operation of subtraction is denoted by the sign 
— , which, when combined with the signs of each of the 
quantities to be subtracted, changes them all: thus, if 5—2 
were subtracted from 9, the remainder would evidently be 
greater by 2 than if 5 only were subtracted, or 

9 — (5— 2) = 9 — 5+ 2: 
similarly a — (b — c) =z a — ft 4- c; 

which may be proved thus, 

a — ^ft— c) = fl + c — (ft — c4-c)=fl-f c — ft or a — ft+c. 

Hence, if the sign — be prefixed to any number of quan- 
tities included between brackets, when the brackets are re- 
moved, the sign of every term so included must be changed. 

EXAMPLES. 

(1) If from Zx + 3y we take x — 2y, we shall have 

2a?+ 3y— (a?— 2y) = 2a? + 3l^ — 0:4. 2y =a? + 5y : 

or placing the quantities to be subtracted under those which 
form the subtrahend, supposing their signs to be changed, 
and proceeding as in addition, 



(2) 





2ar -h 3y 






a? — 2y 






X + 5y 




a + ft 


(3) 


a- ft 


a — ft 




a + ft 


2ft 


-2ft 
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(4) 


a — b + c -^ d 
a + b ^ c + d 

^2b^9€^9d 






(5) 


3a — Sft + c 


(6) Saa?+ 6^— 3e7 




2a + 36 — 5c 


6a 
2 


2fla:4.26y+5car 




a — 66 + 60 
'-1 C8) 


oa?— 6»y— 8c2r 


(7) 


-76 + 1 -36c 




» + l 


Sa 
2 


+ 36 + j+ 06 




a — b—c 


a— 


-106+?^ — a6-36c 
4? 







IS 



EXAMPLES FOR PRACTICE. 

(1) From a«+2a6+.6* take a«— 2a64.6«. 

(2) 5a?-.4y-|7a?-.4y— (8a?-y)|=a?— y. 



Ans, 4a6. 



(3) 3a:« + Sy«-. |«a + 2ay + ya- (2ay- a?9-y3)^ 
= a^+y«. 

MULTIPLICATION. 

43. The manner in which the multiplication of simple alge- 
braical quantities is indicated is explained in Art. 9 ; and it 
may be further observed, that the order in which the quanti* 
ties are placed, is a matter of indifference as regards the 
Talue of the product ; for a X 6 or a6 is equivalent to 6 x a 
or ba. 
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44. The sign of a product may always be determined by 
the following genetal rule* 

The product of two algebraical quantities is positive when 
they have the same {siguj and negative when they have dif" 
ferent signs. 

Ist. (+a)(+6)=:+<»^;'^or, as in Arithmetic^ a x 6 signi- 
fies that a is to be taken positively h times, or that 5 is to be 
taken positively a times : the product ab is therefore positive. 

2nd. (— a) (+&) = *- o^; because —a is to be taken 6 
times, or, which is the same thing, 5 is to be subtracted 
a times. 

Hence also (-fa) (— ft)=— a5. 

3rd. (—a) (— ft)=+«^- Here —a is to be subtracted 
b times, or — 6 is to be subtracted a times ; and since, by 
Art. 24, to subtract a negative quantity is the same as to add 
a positive one, the product will he -{- db. 

The 2nd and 3rd cases may be proved thus : 

a — a = 0, multiply both sides by + Z>, 

and a6--a(+6)=0=a6— a6, 

.-. (—a) (4.6) = — a6. 

Again, «— fl=0, multiply both sides by — 6> 

and — a6+ (—a) (— 6)=:0=a6— a^ 

/. (-a) (-6)=+a6. 

Hence also the product of an odd number of negative 
quantities is negative, and the product of an even number 
of negative quantities positive. 

45. When the same symbol is involved any number of 
times, the sum of the indices of that symbol is taken : thus. 
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o*Xa' is identical with aaaaa^ or a^, (Art. 18); and gene- 
rally, if tn and n represent any positive whole numbers, then 



for, a"»a»=(ac/a...to tn factors) x (aaa...to n factors) 
=aaa... to m-f » factors 

46. If the quantities have numerical coefficients, these are 
multiplied as in Arithmetic, the sign and the literal product 
being determined by the preceding articles. Thus 

4ax5ftxSc=60aAc. 

47* Whatever be the number of terms in the multiplier or 
multiplicand, every term of the latter must be multiplied by 
each of the former, and the sum of all the products taken for 
the whole product of the two quantities ; for if an aggregate 
be multiplied by any quantity, the product is equal to the 
sum of the products obtained by multiplying its component 
parts by that quantity. 

EXAMPLES. 

(1) Multiply a + 6 by c+d. 

a + b 
€ + d 

ac^bc^ad-{-bd 

Here a -|- ^ is to be taken c +d times, and a + b taken 

c times gives oc + 6c, and taken d times gives ad -f* bdy 

whence 

(a + 6) (c+d)^ae^bc^ad-{-bd. 

(2) Multiply a + b by c ^ d. 

a+b 
c^d 



ac+bc — ad — bd 
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Here 0+^ is to be taken e-^d times; that is, a+b is to 
be added c times and subtracted d times. 

(S) Required the square of a + b. 

a +6 
a +^ 



a'+ ah 

ab + h^ 

a^^2ab+b^ 

(4) Multiply fl + 6 by a - 6. 

a +b 
a-^b 



--ab-l^ 
a^--b^ 

Hence it appears^ that the product of the sum and difference 
of two quantities is equal to the difference of their squares f 
which is proved in Prop. 5, Book ii. of Euclid's Elements, 
and fumbhes a most useful rule for the transformation and 
reduction of algebraical expressions. 

(5) Find the cube of a; 4- a. 
X 4-a 
X +a 

a^+ax 

aX'\-tt^ 



a?a+2aa?+a2=(ar+a)a 
X 4-a 



x^+^ax'^ + a^x 



x^ 4- Saa^ + Sa^x -f a3= (a? + a)- 
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(6) Multiply x+a hj x+b. 

X 4-a 
X +6 



^-^ax 

hx-\-ah 

«* + aa?-f-fta?+a^ or «* + (a + 6)a:+fl6. 



This result is arranged according to powers of a?; ax and 
hx being considered as like quantities and collected into one 
term. 

(7) Multiply I a* + 1«« +• «* by f a« - | nar + a:«. 

* o 4 6 



■;: — a -I — arx 4- -* a a? 

— - a a? a a?* asr 

8 36 6 

3 5 

•7 fl'a:* + - flA*' + a?* 

4j o 

16 36 



EXAMPLES FOR PRACTICE. 

(1) Required the product of 3a, 4a6/and Sahc, 

Ans. eOa^b^c. 

(2) Required the square of a — 6. 

Ans. a^-^ab-k-b^. 

c2 
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(S) Multiply a^— aa + a2 by «8 + aar+o*- 

Ans, a^ + a^ar^ + a^. 

(4) Required the cube of a—ir. 

Am. a^^Sa^x^-Sax^-x^. 

(5) Multiply a^—x+l by x^-\-x—l. 

Ans. a?*— a?*4-2a:— 1. 

(6) Multiply a:^— a?3+.«*— * + l by .t24-«— 1- 

^n*. aj«— a?« + a?3-ar^4.2a:-l. 

(7) Multiply 1— ar+a?2-a:3 by 1+a?. 

Ans, 1 — a?*. 

(8) Required the product of a? 4- 2, a? +4, andar4-6. 

^iw. x^+Uafi-{-4AiX + ^S. 

(9) Multiply a + 6+c by a + 6— c. 

(10) Required the product of x—a and x—b. 

Ans. ar«— (a + 6)a?+-fl6. 

(11) Multiply ar3— Saf2+8a?— 1 by a?2 + 3a?+l. 

^n#. ar*— 5a;3 + 5aj» — 1_. 

(12) Multiply a^-a^b^+b^ by o^-ft^. 

Ans. a^-'2a*fy^-{.2aH^ — b^. 

(13) Multiply a«— ^flrar+^a^ by a^-{.2ax^ 4^3^. 

Ans. a* + 4a2a?'4-16a7^ 

(14) Multiply a^+Sa^x-^Sax^^x^ by a'^-Sa^ar + 3crar«-a:3. 

(15) Multiply a:3— |Gar+a2 by ar^ + ^^ar-a^ 

Ans. x^'-^a^a^-^-a^x — a^. 

(16) Multiply a3+ 3^26— 2a62+ 863 by a2 + 2a6-S62. 

J«5. a*4- 5a*6 4-a36»— 10a2634. 12a6*-96*, 
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(17) Multiply «*— a?*y-|-ar^2_a^3^^_y6|jy ^^y^ 

Ans* «•— y*. 

(18) Multiply (a?+.y)'+V ^Y (*-y)*- 

Ans» ar*— 4ay'+3^4. 



DIVISION. 

48. The rules for Division are, in all cases, deduoed from 
the consideration of its being the inverse of Multiplication. 

49. If the divisor and dividend be affected with like signs, 
the sign of the quotient is -|- : but if their signs be unlike, 
the sign of the quotient is — . 

This follows immediately from the inverse operation : thus 
+ ab 



+ a 

-ab 
— a 

+ a 



= +^ V i+a){+lO=+ab; 



= +6, ...(-«)(+ &)=-a6; 



= - 6, •/ (+«)(- 6) =-fl6; 



and ±^ =- 6, •/ (-«)(- b) =:+ab. 
— a 



50. In the division of monomials, whenever the entire 
divisor is found in the dividend, the other part of the di- 
vidend, with the sign determined as above, is the quotient : 
thus 

obex 

— — = ex; because ab multiplied by ex gives abcx. 



90 

The molt will be the same if we diTide fiist by a and 
then by 6; for = fcx, and -r— = cs as before. 

51. Similariy* = no, or -r = a* ; and, generally, 

aaa tr 



since a"'=aiui... to m factors, and a*=iiaa... to fi factors, 

a« aaa ... to m factors 
a* aaa ... to it factors ' 

which, by rejecting the same factors from the dividend and 
divisor, = ooa... to (m— n) factors, if m be greater than n, 

but which = 7 X-?— I — > if i» be less than n, 

aaa ... (ra ~ m) factors 



a»-^ 



If, therefore, we are not supposed to know whether m be 
greater or less than n, we must regard 

, 1 I 

a"-" and — — or — — — (Art 42.) 

as equivalent expressions : and hence it appears that a quan- 
tity in the divisor, or the denominator of a fraction, may be 
transferred to the dividend or to the numerator of a fraction, 
and vice vers^, if the sign of its index be changed. Thus, 

a 4- a? = -^ _ . 

(a + a?)-> 
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Hence abo 


a"* 


= 


a«-« = a®, 


but 


a* 


= 


I, 
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and /. a®= 1. 

It appears, therefore, that the corresponding terms of the 
two following series, viz. 

... fl', a*, aS a°, a'S a""*, a~^ ... 

A 3 £ 1 i 1 1 

and ...a, a, <r, 1, -, — , ■%>... 

a a* a^ 

are equivalent expressions, each term of the former being 
obtained from the preceding by subtracting 1 from the index 
of the symbol, and each term of the latter by dividing the 
preceding term by the symbol itself. 

52. If only part of the divisor be contained in the di- 
vidend the quotient is represented fractionally, the part 
which is common to the divisor and dividend being can- 
celled: thus 

a^h^c divided by — a' fear, or -r- = • 

If a^h^c be first divided by — a^h the quotient is » a6c, 
which quantity remains to be divided by Xy but not being a 

tiOC 

multiple of or, the division is represented by . 

X 

53. If the dividend consist of several terms, and the di- 
visor be a monomial, every term of the dividend must be 
divided by it : thus 
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51-. WWa ffce £Tiior ako c oiwwtii of several terms, ar- 
rive boCk fke ^risor and dmdend, if possible, according 
to ffce powers of soHK letter eommoo to both, and place tbem 
in one line^ as in Aridnnetic : find the qnantity which multi- 
pGed into fbe fini term of fbe divisor wiD produce the first 
term of tiie dividend; this is the first term of the quotient : 
mnltiplj this term into the divisor, and subtract the result 
Iran the dividend ; consider the remainder, if any, as a new 
dividend, and proceed as before. 

By this process the product of the divisor and all the terms 
of the quotient is subtracted from the dividend : and when 
there is no remainder the complete quotient is obtained, but 
when there is a remainder the division is interminable. 

The value of a remainder is represented by a fraction of 
which it is the numerator, and the divisor the denominator ; 
thus expressed it may, with its proper sign, be annexed to 
the quotient. 



EXAMPLES. 

(1) Divide a«— 2fl6+ft* by a— 6. 

fl^— ab 



The reason of the process is simply this, that the divisor 
if contained in the whole dividend as often as it is con- 
tained in all its parts. 
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In this example we inquire first how often a is contained 
in a^f which gives a for the first term of the quotient; 
then multiplying the whole divisor by it, we have a* — ab 
to be subtracted from the dividend, and the remainder is 
- a6 -|- &*, with which we are to proceed as before. The 
whole quantity a* — 2ab + 6' is thus resolved into two parts, 
each of which is divided by a— 6 : whence the true quotient 
is obtained. 

(2) Divide «*— 4a:3+6a^— 4a?+l by a»-2af4-l. 
«a-.2a?4-l) «*— 4ar3+6a!«— 4a;+l (««— 2a?4-l 

— 2ar34.5a?«— 4«~ 
— 2a?34-4a:3_2a? 



«^— 2a?+ 1 
a!«— 2ar4-l 



13 4 4 

(8) Divide «*- g-ar'+af^-f g«-2 by ^x^2. 

2 



2 
3 



4 

-a? — 2 

3 
4 
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(4) Divide a«4.16a*6*+2566» by a*-4aW+166*. 

a*-4aV+166*) a^+l6a^b^+256lfi (a*+4fl«6^+16*^ 

a8— 4a«63 4.16a*^* 

4fl«62 

4aW—16a*6* + 64^2^6 

16a*6*-64a26« + 2566^ 
16a*6*— 64a*6^ + 2566* 

• • • 

(5) Divide inp^i^ — (mq — np) a^ + {mr — «^) a: + «r by 

fnx-}-n) inpar'— (mg— wp)a?'4-(mr-- «^)a?4.nr(/Kp2— (yar+r 

— mqx'^ + (iwr — nq) X: 
— mga^ --nqx 



inrx-\-nr 
mrx-{-nr 

• • 

(6) Divide x^ — 2aar« + (a« — aft — 6«) a? + a«ft — aft« 
by «• — (o 4- ft) a? — aft. 

a!«-(a+ft)a?-aft) ar^— 2aa?«4.(a«-aft-ft*)a?+a«ft-aft« (x-a+b 

a?3— ■ (a+ ft) x'^.^abx 

— (a— 6)ar«+(a«— ft2) a?+.a*ft— aft^ 
-(a-ft) a!a4.(a«-ft«) a?+fl^-aA« 

If there be any quantity which is common to every term 
of the dividend and divisor, it is generally convenient to 
divide first by that quantity and then by the other part of 
the divisor. 
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(7) Divide xi^^px^-{-qx'^—rx by x^^ax* 

In this example every term of the dividend is divisible by 
X, which is also a factor of the divisor «^— oa?, or (x— a)ap: 
if therefore we divide first by this quantity, we have 

X ^ 

which remains to be divided by a; — a as follows, 





(a- 
(a- 

Divide 


_^)x«— (o«- 
(a«. 

1 by 1-far. 
l+x)l 




■ 
-r 


a?— a 






(1— ar+««- 


a3. 


-/w^ + ^a- 


-r 


(8) 












— X 

-~x- 


-aj3 


















— *3 



Three terms are sufficient to ascertain the law of the 
formation of the infinite series of terms in the quotient, 
which have alternately the signs + &nd — , the index of x 
increasing by 1 in each successive term. 
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(9) Divide a?*— a* by ar— o. 

ax'^—a^x^ 



c?x^—c^x 



a? x—a* 
a^x—a^ 



(10) To shew that a?"— y« is divisible by a? — y, without 
a remainder. 

ar— y) a^r^y^ (ar**"' + a!"'"^+a?**-^*4.&c. + a;/'"*+y"""' 
a;»— ly — y** 

aj«-3y3_yn 

And here it may be observed, that in the remainders the 
index of « is diminished and that of y increased by 1 at each 
succeeding step, and that the sum of the indices in every 
term is n; so that we shall at length have a?*y"~*— y* for a 
remainder; and continuing the division from this point, we 
have 



4 
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I 






(11) To find in what case a:»— y*» b divinble by a:+y 
without a remainder, n being a positive integer. 

Here it is observable that in the successive remainders the 
iodex of « is diminished and that of y increased by 1 at each 
step, and that the sura of the indices in each term is n : so 
that the »»*** remainder will be ±aj*»~"y*— y*, or ±y"— y", 
the sign -f" or — being used according as «» is even or odd : 
and as this remainder cannot vanish unless its first term be 
positive, it foUows that «"— y* is exactly divisible by x-]ry 
only when n is even. 

In the same manner it may be shewn that aa^+y^ is 
divisible by « + y only when n is odd ; and that the division 
of a?"+y" by a?— y is interminable. 

The same will be found to be true in each of these cases if 
n be the numerator of a fractional index whose denominator 
is the same in both the dividend and divisor. 
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EXAMPLES FOR FRACTICE. 

(1) Divide «»-5**-«+14 by a«-Sa?-7. 



Ans* «— 2. 



(2) Divide «*— 4ar*+6jt*— 4«+l by «*— 2«+l. 

An$. afl—^+l' 

(3) Divide «*— 4««+8ap+16 by x+2. 

iliw. «3_ac24.8. 

(4) Divide 2a?*— 82 by «— 2, 

-Am. 2x'+4a:«+8«+16. 

(5) Divide at*- 81^ by a-3y. 

(6) Divide «*— y* by ar— y. 

(7) Divide «»+l by x+l. 

(8) Divide a«+y« by a«+y«. 

iliM. a:*— «*y'+y*, 

(9) Divide flc—flkl+ftc—M by a +.5. 

Ans. c^d. 

(10) Divide a:*+a^«+y* by x'-ay+j^, 

iliw. ai^+ay+y*. 

(11) Divide a?*— 2fl^«s^+16d^«— 15a* by «* + 2aa:— 3a«. 

^*. a?*~2flaj+5a*. 

(12) Divide a;^— 86a?— 140 by «— 10. 

Ans. a:«+10a?+U. 

(IS) Divide a?*— aV— aV+«* ^7 a?«— a« 
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(I*) Divide 
«*— 6a2a?3 + 5a5a:'+2a*a:-.2a* by »^—2ax*+a\ 

Ana. ««+2aa:-2a«. 

(15) Divide 256«* + 16^^+y* by 16ar»+4a:^+y«. 

(16) Divide IxS-lar'-Sx+g by 3««+|«-9. 

iln*. - ar - J , 
2 

(17) Divide 3a« + 8a& + 4*« + lOac + 86c + 3c« by 
a +. 2^ + 3c. Ans. Sa + 26 + c, 

( 1 8) Divide 50jf V— 6^* + 2Sx^ - 4f5a?V — ^ ^^V + SOc* 
by 5aiy*— 3y3— 4ji?^+5a?3. 

-4w. 4-c*— 5a:y + 2y2. 

(19) Divide «^+p«*+.ga?+f by a?+a. 

(20) Divide ««— (a— 6)ar3 ai^ by ar^+ft. 

-4w5, 0?^— a. 

(21) Divide a?"»-H»+ar'»y«4.a?*"y»»4-y"»+« by a:"»-(-y«. 

(22) Divide 1 by 1 + « to five tenns. 

Am, l~a?+a?*— a?* + a?* 

1 4-3a? 

(23) jj-^2^ = H-5« + 10ar«+20a^,+.&c. m i w/ 



a 



(24) -j^-^ =a + aa?+ ai?«+ &c. t» tw/*- 

(25) Divide «»+y« by ar+y, exhibiting the first tiiree 
and the last three terms of the quotient, n being an odd 
number. 

Am. a?»~>— a?» 2^+a?»~3y«... 4.a:y»-3— ay«-9+y«-i, 

d2 
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THE GREATEST COMMON MEASURE. 

65. When the common factor is a monomial it is disco- 
verable by inspection : thus> Sb is obviously a common factor 
of 6ab and I5b^9 the respective quotients being 2a and 56* ; 
and since these quotients do not contain a common factor, 
Sb is the greatest common factor of Sab and 156^. 

In many other instances abo a common factor may be 
discovered by inspection : thus, the greatest common factor 
of a'^+2ab+b^ and ab+b^ is a-f ^> which is obvious when 
the quantities are put under the form (a-f-6)' and (a-f-6)6, 
the quotients being a+b and b respectively. 

S6. When the greatest common measure cannot easily be 
discovered by inspection, or by trial, it may be found by the 
method given in the following article : but it is necessary to 
the investigation of this method that we should premise the 
following Lemmas. 

Lem. 1. If one quantity measure anotheTf it will measure 
also any multiple of the other. 

For, if m measure x by the quotient jp, it will measure /w 
by the quotient/^. 

Lem. 2. If a quantity measure two others^ it will measure 
their sum or difference. 

For, if m measure x and y by the quotients p and q^ so 
that/nn=:a:, and qm^y^ 

then x-±y=zpm'±.qm^^(p±.q)mi 

.*. m will measure x±yhj the quotient />±g. 
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£7. To investigate a method of finding the greatest common 
measure of any two number s, or the compound factor of the 
highest dimensions which is common to two compound alge- 
braical expressions involving different powers of the same 
symhoL 

Let a and b be the given quantitiesy if algebraical, ar- 
ranged according to the powers of the same symbol, and let 

a^^b give quotient p and remainder c, 

h-^c .... 7 ... • d, 

c-^d . . . . «*, and no remainders. 

The operation being thus : 

b)a(p 
c)b(g 
d)c(r 

then d is the factor required. 

For '•* c^a^pb^ every com. mea. of a and b measures c, 

and '.'d=b^gc9 every com. mea. ofb and c measures </, 

therefore every common measure of a and b measures d. 

But d measures c, by supposition, 

it /. measures gc + d or b, 

and •*• pb+c or a; 

and it has been shewn that every common measure of a and 
b measures d;d\s therefore the greatest common measure, or 
the factor of the highest dimensions of a and b. 

It is obvious that the proof would have been the same, 
had it been necessary to continue the operation through four 
or more stages. 
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Obs. 1. If the first term of any dividend be not divisible 
by the first term of the divisor, it may be made so by multi- 
plying the whole dividend by any quantity which is prime to 
the divisor, for a common factor will not be introduced 
thereby. 

Obs. 2. But if, in the algebraical operation, any remainder 
contain a factor which is prime to the divisor, it must be 
rejected, that the divisor may not be multiplied by this factor, 
and a common factor be thus introduced. 

The rejection from a remainder of a factor which is prime 
to the corresponding divisor, will serve to shorten the opera- 
tion in an arithmetical example, but is not necessary to its 
success^ because the first observation does not apply to an 
arithmetical example. 

58. Since every other common measure of a and 6 is a 
measure of their greatest common measure d, conversely 
every quantity which measures d measures a and b; now the 
greatest quantity which divides d is j^ the next in magni- 
tude is ^, and so on ; whence all the common measures of 
a and b are comprised iii the series d, ^ ^, ^ &c. 

59. If d measures any quantity, — </ also measures it; for 
— 1 and d measure it, and therefore ( — l).c^ or — <f mea- 
sures it 

EXAMPLES. 

(For Arithmetical Examples, see the Author's ArithmeHc, 
p. 8.) 

(1) Required the compound factor of the highest dimen- 
sions which is common to a^-\'2x^'\'X-\-2 and s^ + ia^+3. 
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— 2ar3+Sa:*— 2»+S 
-.2ar3— 4ja?«— 2ar— 4 



Rejecting the factor 7 according to O&f . 2, and proceed- 
ing with the remaining factor, 

a«+l) arH2»*+«+2 (a?+2 
ar^+a? 

2aj*+2 
2a?«+.2 

• • 

whence a^+h being the last diyisor, is the factor required. 

(2) Let it be required to find the highest common factor 
of a«-5a&+4^ and a«-a«ft+3a^-Sft». 

o«-5a&+4ft2)a3— a^b+ Salfl— 3^(a+4A 

4a«6— o6»— 3^3 
4a«6— 20a6«+1663 

19a6^— 1963=196' (a-6) 

Rejecting the 196^> because it b prime to the divisor, and 
proceeding with the remaining factor, 

a— 6) o«— 5a6+46« (a— 46 
a*— a6 

— 4a6+.46* 
— 4a6+46« 
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If the terms be arranged according to the powers of 6 
instead of a, we have 

Or, multiplying the dividend by —4, to make its first term 
divisible by the first term of the divisor, 

4A^-5a6+a«) 1265-12a6«+ 4a«6— 4«« (36 

1263~15afc«+ 3a26 

or, multiplying hj4.^^^ 4a6-16aM3 
and dividing by a J 

12 6*— 15a6+ So* 

19a6— 19a«=:l9a(6-«fl) 

and rejecting 19a, 6— a) 46*— 5fl6+a' (4j6— a 

46>— 4a6 



— a6-l-a* 



Hence, the former arrangement gives a— 6, and the latter 
6 — a or — (a — 6) for the last divisor ; which corresponds 
with what b explained in Art. 59* 

(3) To find the highest common factor of o^+^V^+y* 
and a?*+2a?^+3«V+2ay^+y* 

2a?V+2a?y+2ay3=2ay (a?»+ay+y*) 
and rejecting 2ary, 
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«*+ay+y*) «*+a*^*+3^* (a^-«y+^« 

ajaya+ary3+3^* 



Whence x^ +xy +jf^ is the factor required. 

(4) To find the highest conunon factor of 

S«*— (8c+ rf— 3)«— 3c— d and 2*8 + (2a + 6 +2)a?4. 2a + 6. 

Preparing the former of these quantities for the dividend 
by Obs, 1 9 Art 57, we have 

2a:«+(2a + 64-2)a?+2a + 6) 6a:«— 2C3c+c/-3)« + 6c-2rf (3 

6««+3(2a4.64.2)a?+6a + 36 

—(6a + 36+6c+2d)«—6«— 36— 6c— 2rf 
or — (6a+36— 6c— 2rf) (a?+ I). 

Rejectiiig the former factor, 

Of+l) 2«« + (2a + 6+.2)a:+2a + fr(2jc+2a + 6 
2a?2 + 2« 

(2o+6)a?+2a + 6 
(2a + b)x-{-2a-{-b 

• • • 

Whence a?+ 1 is the factor required. 

(5) To find the highest common factor of 

2aj*—4?a?* 4- 8a?3— 12«»+ 6« 
and 3«*— 3a?*— 6«3+9«a--3a?. 



36 ALGEBRA* 

First 
^^i^+SiKr^^l2ai^+6x=:2x (a?*— 2a?3 + 4aj*— 6a?+3) 

and 3«*— 3«*— 6irH9a?— Sar=Sar(«*— a?3— 2a:«+Sa?— 1). 

Whence it is obvious that « is a common measttre of the 
two quantities, but that 2 and 3 are not: the 2 and 3 may 
therefore be altogether rejected; the x also may be sup* 
pressed, but it must be resumed as a factor of the last 
divisor, in order that the result may not be affected thereby. 

a:4_2a:3^4^_6ar+8)ar*— a?^— 2ar»+*»— 1 (1 

a:*— 2a?3+4aj»— 6a: + 3 

a:3_6a5«4.9«—4 

»3— 6aja+9a?— 4)a?*— 2a?3+ 4««— 6«+ 3 (»+4j 

a4--.6ap3+ 9«2— 4a? 

4a?3— 24a^ + 36a?— 1 6 

19a?»— 38a?+ 19;«19(a?*-2a?+ 1) 

and aj«— 2a?+l)a?^~6«*+9a?— 4(»-4 

a?3— 2a!*4- x 

— 4fa?*+8a?-4 
— 4aj8+.8a?— 4? 

• • • 
The highest common factor of the given quantities is 
therefore a?(a?«-.2a?+l), or ar^— 2aj*+a?. 

EXAMPLES FOR PRACTICE. 

(1) To find the greatest common measure of 

a?*+2a?+.l and a?3+2a!3+2a?+l. 

Ans. x+\. 
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(9) To find the Ugbott eommon bctor of 

xi—Safl+7x''21 and 2x^ + 19tfi-\-SB. 

Am. «*+7. 
(8) To find the highest common factor of 
o^+b*+4fl+2flb+2ac+^^ and a«— *>— c«--26c. 

Ans. a+b-^-e. 

(4) To find the fi^stor of th^ highest dimensions which is 
common to 

36aS-.18a»— 27a*+9a3 and 27a*y— 18tf«J«— 9a«y. 

Ans. ^'(a— 1). 

(5) To find the fSftctor of the highest dimensions which is 
common to 

Am. «*-">*. 

(6) To find the factor of the highest dimensions ^Hiicb is 
common to 

and &9*+2(Xc*— 12a:3— 48aj*4.22a? + 12. 

Am. «3+a*— 5a:-|.8. 

(7) To find the factor of the highest dimensions which is 
common to 

and «?*— (a+ft)*«« + 2a&(^+6)^— a'i*. 

Anf. a*— (a+*)af+«*. 

(8) To find the factor of the highest diiji^ensions which is 
common to 

and ^mja^^^tmp^—mj^+Sn^. 

Am. j9-*^« 
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* 

(9) To find the factor of the highest dimensions which is 
common to 

and x^-'(p^q)x^-\'(p^q)q^x—q*. 

Ans. st^—Cp—q^x+q^ 

(10) To find the highest common factor of 

aafi + (a + b)x^-{-(a-{'b + c)x*-{-(a-\'b'\'C^y)x^ 

+ (*+c+y)a:«+(c4-y)x+y and 

60. When different powers of the same symbol are not 
involved, the given qaantities may be resolved into their 
component factors. 

Thus, let the quantities proposed be 

ac-\-ad-{'bc-{-bd and ae-^-af-^-be + bf; 

then by forming the coefficient of each symbol separately, 
we obtain for them the following expressions, 

(a + ft) (o+rf) and (a-k-b) (e+/), 

in which the common factor a + 6 is manifest. 

In the same manner 
3^5'+ 30mp4- lSbc-\'5mpq and 40^5^— 4^ + 24<irf— T/J/y 
are fbund to contain the common factor q+6, 

61. To find the highest common factor of three or m€>re 
quantities. 

Let Ofb^c be any three algebraical quantities ; find d the 
highest common factor of a and 6, and then the highest 
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eommoii factor of d and c: this wiU be the highest ooiaii^on 
factor of a, 6, and c. 

For every common factor of a and 6 is a factor of df and 
therefore the highest common factor of d and c b the highest 
common factor of a, b, and c. 

In a similar manner we may find the highest common 
factor of four or more quantities. 

EXAMPLES FOR PRACTICE. 

(1) To find the highest common factor of 

a3+a«6 -.0^—63, a3— 2a«6-a*«+263, and a^- Safc«+26' 

Ana. a — 6. 

(2) To find the highest common factor of 

^—ax—%a\ ««— 4a«, x^+ax--6a\ and «»+2aar— 8a«. 

An9. x—fta. 

THE LEAST COMMON MULTIPLE. 

62. The least or lowest common multiple of monomials, and 
of many compound quantities, may be found by inspection. 

The least common multiple of %a^b and Sa6' b obviously 
^^t^i of axyy c^tf^y and ahxy^ is a^hxi^\ and of ah{X'\-y)^ 
6c (a:— y), and edia^^^y^)^ is abcd^a^—y^), 

63. To find the least common multiple of any two guan- 

titles. 

Let a and 6 be the two quantities, d their greatest common 
measure, such that ar:^pd and h^qd\ then p and q are 
prime to each other, and therefore the least quantity which 
is divisible by each of them is pq\ whence the least common 
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multipld of pd imd ^cf, ot of a and b^ is maokksldf pqdt w 
pdqd-rrdt that b a6-r-c^. 

Hence the least cotnmon multiple of any two qti&iltities 
may be found by dividing their product by theit greatest 
common measure. 

Ex. To find the least common multiple of 
Sa;*+lS«+12 and «*+4a?+S. 

The greatest common measure of these quantities is 9+S\ 
therefore their least common multiple b 

(ag»+18 g?+12) (4^+to+3) 
a?-f3 



EXAMPLES FOR ERACTICE. 

(1) To find the least common multiple of 

a^j^a^ and cfi^l^. 

(2) To find the least common multiple of 

ab-^ad and ab^ad, 

Ans. ab^^ad^, 

(S) To find the least common multiple of 

ar^+l and («+!)'. 

Ans. «*+«^4-«+l. 
(4) To find the least common multiple of 

and «*— «V+*^*-^«y+«5y*—^* 

Ans. a^-y«. 
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(5) To find the leaBt common multiple of 

j;*-pa?3 + (5r-.l)aj*+pa?— jf and «*---ya?^+(p— 1)4^4- gj?-/). 

+ (g-l)g| a^-(jf + q)x^ + {p^^q^)x-pq. 

(6) To find the least common multiple of 

and ar*— (j9 4-5^)^+2 (p+g)j»S'ic —JE^V* 

64. Every other common multiple of a aiM? b iff a multiple 
of their least common multiple. 

For let » be any other common multiple of the two quan- 
tities a and 6, and, if possible, let m, their least common 
multiple, be contained in n, r times, with a remainder «, 
which is less than m; then n — rm=«, and since a and b 
measure n and nn, they measure n—rm, or s\ that is, they 
have a common multiple less than m^ which is contrary 
te the supposition. 

^5, Hence all the common multiples of a and b are com- 
prised in the series m, 2m, 3m, 4m, &c.; for the least num- 
ber which m divides is 2m, the next 3m, and so on. 

^, To find the least common multiple of three or roore 
quantities. 

Let a, by and c be three given quantities : first find m the 
least common multiple of a and b, and then m' the least 
common multiple of m and c; m* is the least common 
multiple of a, 6, and c, 

e2 
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For every commoti multiple of a and 6 k a multiple 
of m; therefore every common multiple of a, b, and c is 
a multiple of m and c : also every multiple of m and <f is a 
multiple of a, ft, and c; consequently the least common 
.multiple m' of m and <? is the least common multiple of 
1I9 ft| and c« 

The same method may be extended to four or more 
quantities. 

EXAMPLES FOR PRACTICE. 

(1) To find the least common multiple of 

a?3_saja^.3a?— 1, a^-a*— «+l, af*-2ar^+2«— 1. 
and a?*— 2»'+2a?*— 2a?+l. 

Ana. a!«— 2aj»+4f*— «»4-&— I. 

(2) To find the least common multiple of 

x+(h «— a, a*— a*, and a*+a*. 

Ana. «*— €X*. 
(S) To find the least common multiple of 
a«-ft«, a«+fta, (a-ft)«, (a+ft)*, a^-ft^, and a^+b\ 

Ans. a^^'-a^l^'-i^b^+V^. 

FRACTIONS. 

67. The operations performed on algebraical fractions 
are analogous to those which are performed on numerical 
fractions. 

68. ^ both the numerator and denominator <f ajiractum 
be mukipHed or divided by the same quantity, the vahte of the 
firaction is not altered. 

Let any fraction t =ar; then t*- b=ib»x; 

o 
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or, since j- represento the diTision of a by 6, r •frssaaste; 



ma a 



.'. ma ^ mbx; or dividing by mfr, --^ =: «=^-t 
Hence, if both the terms of a fraction r- be multiplied by 



any quantity m its value will not be altered ; and conversely, 

ma 
if the terms of a fraction ^ be divided by m, the result will 

be the equivalent fraction j . 

69« By multiplying its numerator and denominator by 

— 1, we have the fraction ? = ^^; which shews that if the 

signs of an the terms in both the numerator and denominator 
of a fraction be changed, its value will not be altered. 

70. To reduce afradian to Us lowest terms. 

Divide its numerator and denominator by the highest 
factor which is common to them ; or by a common factor 
continually until they contain no common factor. 



0) 



EXAMPLES FOR PRACTICE. 

ax—sfl _ (a— a?) a? _ x 



«»— «• a«— a? a+x' 
(See Ex. 4, p. 16.) 

I|9 291*4- 1 

(2) Beduoe — 5 — ; — to its lowest terms. 

11*— 1 



Ans. 

n+l 
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(3) Reduce ,, ^ ^ — T *® ^*® ^^^^ *®'™* 

Ana. -s — r. 
«* — 1 

(4) Reduce a^og^i *® ^*® ^^^^* *®"^** 

. g^+g + l 

(5) Reduce ^a__^, 4 *« »<» ^^es* *®'°^ 

a — 2 

f 6) Reduce -7 -r, to its lowest terms. 

.Aw. =— . 

or 



<^) ^^^"^^ 2aC5a«6^4-86^ '^ '^ ^^""^'^ ^™'- 

3a«--26« 

'^*' 2a«+36« • 

no^ Reduce «^-g^--^^'^ + ^^^' to its lowest terms. 
(^10; Keauce a.3-7fla:«-2aV+Ha3 

g»4-2aa?— 2a* 
"^'**' a?a— 2a* 

(11) Reduce ^""^'^^I''""'*' *^ '^ ^«^®** *®™*- 



«*4-aar4-a* ' 
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(12) Reduce -=-^-7 ^ ^ to its lowest terms. 

x-\-h 
f 13) Reduce ,'^V^ )^— to its lowest terms. 

(14) Reduoe ^J'^Tj?\^l^^ ^ *** ^®^^* ^™*' 

(15) Reduce of^^f^^ to its lowest terms. 



iifur. 



(16) Shew thit f>^+^^+^ =#±^. 

(17) Shew that 

a?»-(2a+6) a?«+(2fl6+a«) x—a^b ^ (4?— a) («— 6)* 

(18) Shew that 

6^a r3^eax_ara-l _ ^^--l)(^--JM-l) 

e^«* + 2c*i^^^*^ 2e^ 4. a?«— 1 (e« + l) («— 1) * 

71. 7b transform fractions having different denominaiors 
to others of equal value with a common denominaior. 

Let -7 and -^ represent any two fractions ; 
then ^ = ^ and 5=35. (Art. 68); 
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whence the proposed fractions are respectively equivalent to 

ad J ^ . 

j-r and 7-r, which have the common denominator hd\ and 

bd oa 

the process being the same whatever be the number of 
fractions proposed, the required transformation will be 
effected if each numerator be multiplied by all the denomi- 
nators, exeept its own, for a new numerator, and all the de- 
nominators together for a new denominator. 

Ex. To transform -, — ;— , and . . , , so as to 

a— 1 a+1 a*+l 

have a common denominator. 

Multiplying each numerator into all the denominators, 
we obtain 

Ca + 1) (a + l) (a«+ I)=:a4+2a3+2a«+2a + l, 
(a-1) (a — 1) (a«+l)=o*—2a»4-2a«— 2a + I, 
and (a*~l) (o-l) (a+l)=:a4^— 2o2+l 

for the new numerators: and multiplying all the denomi- 
nators together, we have 

for the common denominator: whence the required fractions 
are 

a<+2a3+2a« + 2o+l a*— Sa^-f 2a*— 2a4- 1 



and 



a*-l 



72. If| however, the denominators of the proposed frac- 
tions have a eommon measure, and the above method be 
applied, the resulting fractions will admit of reduction to 
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lower terms, aod still have a common denominator; but if 
the quotient arising from the division of the least common 
multiple of all the denominators by each denominator be 
multiplied by the corresponding numerator, and the least 
common multiple of the denominators be made the common 
denominator, the given fractions will' evidently be at once 
transformed to others of equal value, having the least pos- 
sible common denominator. 



EXAMPLES. 

( 1 ) Let the proposed fractions be -—z and ^ • 
Then, the former method gives ^ and ^, 

which may be reduced to — r- and ~ ; 
•^ cde cae 

the least common denominator cde being obviously the least 
common multiple of the denominators of the given fractions ; 
whose terms are respectively multiplied by e and c; the 
quotients arising from the division of cde by the denomi- 
nators cd and de, 

(2) To transform^, -A_, and ^_^^^ . 

so as to have the least common denominator. 

The least common multiple of the denominators being 
«'—«*— a? -f- 1, the required fractions are 



«3-.-Ba— op^-l' a.3_aj3— a:4-l' ay3«.««_a?+r 
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«« . a» 



(8) To transform -= — =-, and -= — ^^ , 
•o 80 to have the least common dmiominalort 

s 



ADDITION AND SUBTRACTION OF FRACTIONS- 

78« To add or subtract fractions, transform them, if ne- 
cessary, to equivalent fractions having a common denominator, 
then add or subtract the numerators as indicated, and sub- 
join the common denominator. 

For if 7 and ^ be two prop9se4 fractioi^ 

and we suppose t ^ ^ cu^d ^ =^> 

then a=^b» and c^^dy^ 

/. ad?=sbd9 and Ac=M^, 

.'. bdx±bdy or 6d(x±t/)=zad±be; 

and dividing each of these equals by M, we have 

a . c ad :the 
«±yor-j±j=-gj-. 

EXAMPLES FOR PRACTICE. 
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^ ^ a?+y x-y x'^^yi ar2-y« a?8-y* 
^^ l-ar 1+ar l-«« l-ar« 1 -«« ' 



ar« 



,-x a? g^ _ j(l~a')4-ar^ _ g 

1 2 _ 1 4-g 2 a? — 1 a"— 1 

*^^^ i-«"i~;c2-ri:^"i~a:2-i-;c3' * r:^^ 

or — , reduced to its lowest terms, = — . 

l-a?« • 1 + a: 



4a3(a^a.) 4a3(a— a?) 2a2(aH«') 

2a« V-ar« ^ o^ + a^V a^~^ ' 

,, . Sa— 46 2a-6-c , 15a -.4c 85a~206 
('^) ^^--^^ + -12-=— 84- 

. . a (arf— 6c) a: a— 6a; 

c c(^c^dx) c—dx' 

(12) ^-..Vzv .+ '-^ 



3(l+a?) 3(1— a: + «^) 1+a?^" 
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, ^ . _L — _5_ = lOCfl+106-g 

^' ^ lO'*' 10* lO* 1000 

'^ * 4 (!-*;« ■*" 8(l-x) 8(l+x) 4(l-ha:*) 

_ 1+x-i-ar* 



1— X— x* + aH^ 
., . ?a . 2a+x 5 20flx-22ar« 



-••\s 



(a-2r/ (a+x)(a-2x) a+x (a+x)(a-2ar) 



(16^ 



(a-6) (x+a) (a-6) (x+fc) (x + a) (x + 6) 



^''^^ (6-fl)(ir-a)(x + a) ■*" (a-6) (c-6) (x + 6) 

+ ____! = ! 

Tri-c) (6— c) (ar-l-c) (a?4-a) (x + 6) (x+c) ' 

am' f 6m -I- c om (m + Sn) -|-6n— c 

^ ' ^^ (m+ii) (x-m)3 "^ ~(m M)« (* -w')' 

an^ — hn-\^c an'— 6n f c ax'-f 6x f c 



(m f n)'(x— m) (m4.ii)2(x-|.«) (x— m)^(x4-«) ' 

74. To reduce mixed expressions to a single term, con- 
sider the integral expressions under the equivalent form of 
fractions whose denominators are 1, and proceed as in the 
foregoing Article. 

\ y ' a'" -- 1 1 —a"* a"» — 1 

a' ab 

(2) _-« = 



a — b a—b ' 



(3) a + a? — 



(4) l+a: + 
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a^x a^x 



x^ 



1— a? I— a? 



x^ 1 

(5) l~a? + a:« = TT-"- 

^ "^ i-{-x l-k-x 

x/,x . ^ . « 6a?3 — 4ar* 1 — « ^a?* 

(6) l-2ar+4a?2 i = r-^ — ^• 

^ -^ ^ l-|-a?-i?> l+a?~ar* 



MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

75. To multiply fractions, multiply the numerators for a 
new Dumeratori and the denominators for a new denominator. 

For, let 7- and ~ be two given fractions, and suppose 

then a=:bx and c=di/, 
whence ac^hdxy^ 

and, dividing by 6cf, ^^V or — . - = ^-~. 

b a bd 

76. Hence ^ =-, and \^y = ^. 

77. To divide one fraction by another ^ invert the nume-, 
rator and denominator of the divisor, and proceed as in 
multiplication. 
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o c 
For if J- and — be supposed equal to x and y respect! vely, 

then a =sbx and c s= <fy, 

also ad=hdx and 6c=6c(^; 

6d<r ad . . x a , c ad a d 
whence 7-7- = r— , that is, — or--T--i=7— = 7-»-* 
bdy he y h d be h c 

78. 7b multiply a fracdon by an integer^ multiply its 
numerator by the integer, or if the integer be a factor of the 
numerator, divide the denominator bv it. 

For^.c=r-,7=---= . (Art. 68). 

b bib b-^c ^ ^ 

79. To divide a jracHon by an integer, multiply its de- 
nominator by the integer, or if the integer be a factor of the 
numerator, divide the numerator by it 

b ' 6*1 b' c be b * 

EXAMPLES FOR PRACTICE. 
^ ^ by dx bd 
^^) a« _ ft« "^ 15a« 3o« (a - b) 

a3-f 2a^6 |-2a62+63 
a3— 2a«6-f 2a6«— 63' 
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\ oJ \x a/ a^x 



a?* lOx^y Sx^'y^ lOary^ y* 



2a:^ ^ a? _ 2a?^ a? fa *_ 2ar 



. a?* — a* _^ ar*4-aa? __ se*-^a* x — a 



a?^ — 2aa?+a* a? -a a?* — 2aar+a* ar(a?+a) 

ar«+a« 



a?^ f 5ar4-4> _j_ g^ + ga? f 1 __ a?-i- 2 
^ ^ a:2 4.7a?+12 * ar» + 3a; + 2 "" a? f 3 * 



/a 3o« 8^ — "' _ 



-a*. 



2a^ 
X 

f2 
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(^^) ^::^ • ae^{af^be)x^bfx'^ 

= cc + (cf-f he) ar-f 6/a;'. 

80. Algebraical fractions frequently present themselves 
under complex forms, but the principles already explained 
are sufficient for their reduction. 

EXAMPLES FOR PRACTICE. 

a c ad -^ be 
h'^d _ bdT _ ja d + bc)J7i 
(^> T^J^ TTTTp ieh+fg)bd' 
f + h fh 

1^2'^f (adf+bcf+bde) b'd'f 

(2) a' ^ e;- iadf+b'e'f+b'd^) Ldf 

1 _ ar'-(fl + 6)a?-hfl6 

(3) 1^ 1 ~" 2ar-a-ft 

+ 



Of — a 



x—b 



1 _ g^~52g-96 

(^) "1 7~i 1 '-" 3ar«-52 




- I 

1-0? 



1 

X 



a^x a-^x 



a^x ^ a+x _ q'+a?' _ 1 /« , 5'\ 
(^^ a-t-a? * fl-a: "" 2aa! "" 2 Va* a/ 



CI— a? a+a? 
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1 X 



X 



(8) 



1 l_ 

1 + 1 *"^ a? 1 +a?« 



ar + 1 , . . 1 l+x+x' 
a? ar 



patting X -^ — in the place of x in Ex. 7* 

X 



y ^ CL ad 

(9) 



b •{• c bd + c* 
d 

putting rf +-^ in the place of d in Ex. 9. 



(11) "Lzl =?zlL 

ar + 2+ arj- 3 ar^ + 6jr + 3 

a?+3 

_ a?^-h5a?^- 3ar-3 
""ay^ + Sar^ + lOay-S * 

■ ox a (fl^f - flg) A - fl</jy 

^^ b-c^ '^ \{bd'-c)f^be\h''{bd-e)g 

d — e 

f-ff 
h 
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81. Subjoined are a few examples of the conversion of 
fractions, by division, into infinite series involving fractional 
terms. 

( I ) In Ex. 8 of Division, we have seen that 
1 



14a: 



= 1 — a? -f ar* — . . . . m infinitum ; 



but if we reverse the terms of the divisor, the series of terms 
in the quotient will be very different : thus, let it be required 

1 

to convert — r-r into a series, by division, 
a? -[- 1 ^ 



1 


+ 


1 

X 








— 


1 

X 






— 


1 

X 


1 

x^ 










1 










1 

ar« 


+1. 






1 
^ x" 



Such indefinite quotients obviously have their origin in the 
rule for the formation of their several tevtos : for as long as 
there is a remainder, a factor, integral, or fractional, may be 
found to form a term in the quotient ; and unless the divisor 
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be a factor of the dividend, there will necessarily always be 
^ remainder. 

(2) ^* = "— C"-^)'" + (''-^)^' -&c 
^^ b+x 6 6» ^ 6» 

, , \ , /a (a—b)x , (a-b)ai' . 
ax 



{a-^b)x (fl-6)a:« 



(«-&>« (a-6)ar^ 
6= "•■ 6^ 

Also, by reversing the terms of the divisor and dividend, 
we obtain the following equivalent series : 

a:+6 a: Of* aH 

ar+a a? x^ x^ 

b+i "" 6"" P ■*" 6^ "■*^* 

ar+6 ^ X x^ ^ x' • *^' 

/qx g+ar_fl ^ (g+&)a r , (g+6)ar« , (a f 6) ar^ , ^ 
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a— 6a! , a a* a-* a^ a^ 

a-6a?)a+/3a'+ya?« - +— z + -^ -< + &c. 

/ \a o^ fT a* 



abx 
a— — 
a 



4» <|» ■ 

j-ya?2, where A=a/3 + a6 

a 

kx bkx^ 



, where A'=aV + fc^ 



o^ 



A'a?« bkx'' =a2y+a6/3 + a6« 



a2 


a^ 






bVx" 




> 


a^ 






bk'x^ 


62AV 
a* 






b^Ux" 






o* 


a! 


kx 


ftAa:^ ^^^^3 



where k^db — ab'* 

,^v a?* —pa? for / . \ * nk a^k 

where k=zd^\ap \-q. 
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INVOLUTION AND EVOLUTION. 

4 

82. By Involution is meant the raising of a quantity to 
any proposed power; and by Evolution^ the extraction of 
roots, or the determining of the quantity which raised to a 
proposed power will produce a given quantity. (Arts. 19 
and 21.) 

8S. If a quantity to be involved be negative, the signs of 
the even powers will be positive, and the signs of the odd 
powers negative. 

For (— a)(-a)=fl«, (_a) ( -a) (~a) = -a3, &c. 

84«. Hence, if a root to be extracted be indicated by an 
odd number, the sign of the root will be the same as the sign 
of the proposed quantity ; also if the root be indicated by an 
even number and the proposed quantity be positive, the root 
may be either positive or negative. 

85. If the radical sign with an even index be prefixed to 
a negative quantity, the root indicated cannot be extracted ; 
because no quantity raised to an even power can produce a 
negative result. 

86« A simple quantity, or monomial, is raised to any 
power by multiplying the index of every factor in the quan- 
tity by the exponent of the power, and prefixing the proper 
sign. 

Thus (flr6)"»=(a!») (ah) {ah) to m factors 

= \aM,a (to m factors)^. |^.6.6... (to m factors)^ 

zzza^h^ 
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Also («»)«= a«"»; 
for (a"*)"=fl'"«"*^"* '•••• (^ times) 

__^m+m+m+. .(n times) (Art. 45), 



=a"»». 



Hence (a-ft")? =(«-)?• (6")''= «"^*'"'- 

87. In Art. 45 it is shewn that a^a^^aT^''^ m and n 
being positive integers. 

Let in and n be fractions, w = - and w =-,/?, ^, n 
and * being positive integers. 

p !: £+- 

Then also «« o* = o^ % 

p p*^ JL 

for a^ = a«' = (a^O^'S 

and a'"= a'' = (a«•)''^ 

p^ + gr P^ !1 

= a 9* , or flf •. 

88. Any root of a simple quantity is found by dividing 
the index of each factor by the exponent of the root re- 
quired, and prefixing the proper sign. 

Thus, (a™6")P=a'' 6^; because each of these quantities 
raised to the />*^ power is a«6". 

Also (a9)' = a«*; 



ALGEBRA. 61 

for (a V» raised to the power of *, = (a') = a ^ , 

pr pr 

and a'', raised to the power of*, =a' ; 

p r pr^ 

Hence also 

m p f mr pf mrpr 

89. Any power or root of a fraction is found by taking 
that power or root of both the numerator and denominator 
of the fraction, (Art. 76). 

The following examples will illustrate the above articles. 

(1) |(a~)»p=(a«»)P=a*"«P. 

(2) (ir»)-«=fl«. 

'^'^^i;^' (Art. 51). 

(4) |(-o)-«'»^-«»=(a-2»)-2«=:a4«^ (Art. 83). 

(5) |(—a)-(2»+i)| -(«*+!) =(—aH2n+i))-(9ii+i)--_ a'^»+')* 

(6) • V' V^a=:KabV =«''"*• 

(7) (Sa*^)3-,33fl3^_27a%«. 

(8) (a« X 3ft» X 4c-P x ScT?)' = 3« X *« X Pa^^l^^c'^Pd ^^ 

(')((-ST=(-r=(-S)'=,^- 

(10) |(-a63)3J*=(-a366)^=o'2ft«*. 
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(11) (a3i-3^rf V = gS . 

(12) (ah'^f=ah\ or (a^b^f'^. 

(1 3) 3^ X 4.^=3^ X 4*=(27)^ X (16)^=(4.32)* 

(14) (a^H.3aV + 9ft^)x(a*-S6^)=a-276. 

(15) a?*-/-r«*-/=ar+^V4-y. 

90. 7b extract the square root of a compound quantity. 

By observing in what manner a + 6 can be derived from 
its square a' + 2ah + ^'» we may obtain a general rule for 
the extraction of the square root. 

Having arranged the terms a* + Qab + 6* (a + 6 

according to the dimensions a^ 

of a, we observe that the ^a + h) 9.ab + 6* 
square root of the first term ^ab 4- 6^ 

(a*) is a, the first term of the 

root; subtracting its square 

from the whole quantity and dividing 2a6, the first term of 
the remainder, by twice the first term of the root, we obtain 
6, the second term of the root ; adding b to 2a, proceeding 
with 2a-\-b as a divisor and 6 as a quotient, and subtracting 
their product from the last remainder, we have no further 
remainder : and a^ in the first place, and then (2a + b)b or 
2a5 + 5', which together are equal to (a + ^)*> having been 
subtracted from the given square, we know that the root 
thus found is accurate. 

Whenever there is a remainder, the process must be re- 
peated, the terms of the root already found being considered 
as a single term : and if there be perpetually a remainder, 
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tbe given quantity is not a complete square, but there will 
be found, for an approximation to the root, an interminable 
series similar to the incomplete quotient in division* 

The nature of the process being the same whatever be the 
example proposed, the. explanation of the above operation 
will serve for a general rule, 

(2) Let it be required to extract the square root of 
a* 



2a + 6) 2064-^' 






In this example we have subtracted from the given square, 
by two operations, the square of a-^b, and by the third ope- 
ration, (2a 4- 2ft + c)c, which added to (a 4-5)8 makes the 
complete square of a + ft 4- <?• 



x^ 



(3) Extract the square root of a* — ax 4 . 

4" 



«* , a? 



^'-^+4 («-2 



a« 



ai* 
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If we had reversed the order of the termg, we should have 

obtained ^ — «, or — f a — -] , for the root ; the result in 

every instance, in passing from the square to the root, ad- 
mitting of either sign, -f or — , (Art. 66). 

a* 6* 
(4) Extract the square root o^ Ti" + "7 — 2. 

■ 



a2 
2a 









^ 
a^ 



In arranging the terms according to the powers of a, — 

must be placed after — • 2y because it involves a negative 
power of a : this will perhaps be more easily seen if the ex- 
pression be put under the form a' 6"* — 2a°6° -f- a~*6*. The 
contrary arrangement would equally answer the purpose; 
but the neglect of such arrangement might cause the process 
to be interminable. 

(5) Extract the square root of 9a' — 6ab + SOac + Sad 
+ *« - 106c - 2W -f 25c2 + lOcd + d^. 
Arranging it according to the powera of a, we have 

9a«— 6(6-5c-rf)a + 62— 10^-2W+25c«+10crf+rfi 
9a2 (3a — 6 + 5c4-rf 

6a-(6-5c-(f))— 6(6— 5c-if)a + 6^— I06C-2M 4- 25c3+10crf+rf« 

— 6(6— 5c— rf)a-f62— lO&c— 26rf4-25c«+.10crf + cf4 
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(6) Extract the square root of -^^ir^^n'J^ ' 

Extracting the root of the numerator and denominator 
separately, we have 

a^a^ + 2a6»a?3 + h*x* (ax + 6«ar« 

^2ax 4- l^x^ 2ab^x^ + b*x* 
2al^x^^b*x* 

• • 

and a2'»+2a"*a?"4.a;^ (aw^a?* 






ax 4" ^^^ 
Whence the required root is — —-r — -- . 

{7) Let it be required to extract the square root of 1 +ar. 



2 



+ 1)' 






^ + ^-?)-? 



a;2 a?' a?* 
"" T " "8 64 



o _i_ ^"^ ^ ^'\ *' - fl 

^ + ^— i^IeJT 64 



■^16 64"^ 256 

Ss^ x^ ^ afi 
"" 64 64 256 
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t 

If we make x the first termi we shall obtain instead of the 
above, the following series, 

-* J- — 
i 



a:' 4- — T 3 + &<5- 



But the involution and evolution of binomials is effected 
most easily by the Binomial Theorem, 

EXAMPLES FOR PRACTICE. 

(0 Shew that ^ /( ,/'z!^+* J = ^^, . 

(2) .^/(a:«-2«3+|;r«-ia;+ ^^ =*»-* + ^. 

(3) V^f-* +i + 2 (*- ^) -l]=«+ 1 - 3 . 

(5) |/'( 



sy 



250*" -'•c'a:"''^ + 10a*»-*c«'*''' + ««"««» 

«*/ « 

91. 7b extract the square root in numbers. 

Since the square of 10 = 100, of 100= 10000, of 1000 = 
1000000, &c., the roots of all square numbers containing one 

or two, three or four, five or six, , 2n— 1 or 2» figures, 

consist of one, two, three, , n figures respectively: if, 

therefore, a point be placed over every alternate figure, be- 
ginning with the units, the number of periods thus marked 
off will shew the number of figures in the root : thus, the 

square root of 4096 consists of two figures, the square root 

• • • 
of 61009 of three figures, &c. 
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(1) Let the square root of 956484 be required. 



b 



956484 (900 + 70 + 8 
810000 =a« 

2a+ft=^1800+70=:1870) 146484 

130900 = (2a + b) b 

2a+26+c=5l940+8=1948) 15584 

15584 =:(2a+26+c)c 



Here the points indicate that the root consists of three 
figures, which we suppose to be a, 6, and c, where a is the 
value of the figure in the place of hundreds, b of that in the 
place of tens, and c of that in the place of units. Then 81 
being the largest square number in the first period (95), 
900 (a) is the nearest square root of 950000, which does not 
exceed the true root ; subtract the square of this (a«) from 
the given number, and divide the remainder by 1800 (2a) in 
order to obtain the value of b, which appears to be 70; 
whence the next quantity to be subtracted is 1870x70, 
(2a +6) b, or 130900: and proceeding with 2 (a +6) as with 
2a, we find e the remaining figure of the root. 

Omitting the ciphers for the sake of expedition, we obtain 
from the foregoing process the following rule. 

First ascertain the number of figures • • • 

in fk^ * u 1 • r 11 . X 956484 (978 

m the root by placing a full-pomt over ^ 

every alternate figure, beginning with 

the units: for the first figure in the 1^*7) 1464 

root, find the greatest number whose ^"^^^ 

square is contained in the first period: 1948) 15584 

subtract its square from the first period, 1 5584 

and to the remainder bring down the 

next period : with twice the part of the 
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root already found, as a divisor, find by trial the next figure 
of the root, and place it both in the divisor and in the root ; 
then multiply the whole divisor, thus completed, by the part 
of the root last obtained, subtract the product thus found, 
and to the remainder, if any, bring down i^nother period: 
proceed with twice the part of the root already found as 
before, and in this manner repeat the process as often as 
required. 

(2) Extract the square root of 7513081. 

7513081 (2741 
4 



47) 351 
329 



544) 2230 
2176 



5481) 5481 
5481 



92. In extracting the square root of a decimal, the point- 
ing must be made in the contrary direction, beginning with 
the hundredths, care being taken to have an even number of 
decimal places. 

(3) Extract the square root of .582169. 

.582i69(-763 
49 



146) 921 
876 



1523) 4569 
4569 
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(4) £xtract the square root of .0081/ 

.OOSi (.09 
81 

•• • 

(5) Let the square root of 64?.853 be required. 

64.8530 (8.053 &c. 
64 



1605) 8530 
8025 



16103) 50500 
48309 



2191 

For every pair of ciphers which we suppose added to the 
decimal, another figure is obtained in the root : and by con- 
tinuing the process it is obvious that we shall continually 
approximate to the value of the root. 

In the same manner, by annexing pairs of ciphers, with the 
decimal point prefixed, to any proposed integer which is not 
a complete square, we may continue the operation inde- 
finitely. 

(6) Extract the square root of 5 as far as three places of 

decimals. 

5.00... (2.236... 
4 

42)lob 
84 



443) 1600 
1329 



4466)27100 
26796 

304 
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EXAMPLES FOR PRACTICE. 

(1) Shew that ^106929=327. 

(2) ^824464=908. 

(3) v/8 11 44064 =9008. 

(4) ^41605800625=203975. 

(5) ^.0081 =.09. 

(6) ^.000625 =.025. 

(7) \/.004=.06324 .... 

(8) ^.00038 =.01949 

4096 64 



V' 



^^^ *^ 582169 ■" 763 ' 

(10) l/^ =^/ .41666... =.64549... 

(11) ^/7i* = ^/7.36111... =2.713136... 

(12) \/. 444. ..=:.666...: or, \/.444....= iv/|^=T=.666,.. 

93. To extract the cube root of a compound algebraical 
quantity, 

A method of extractiog the cube root may be derived from 
the cube of a -|- 6 in the same manner as the method of ex- 
tracting the square root was from the square of a + ^ > thus, 
since we have (a + 6)^ = a'+3a*6+3fl6*4^^ t^e inverse 
process will stand as follows : 

fl^ + 3a«6 + 3fl6« + 6n« + ^ 
a^ 



3a«) 3aa6 + 3a6«+63 
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The terms being arranged according to the powers of 
some letter, we find the cube root of the first term for the 
first term of the root, and subtract its cube : then take three 
times its square for an imperfect divisor, and divide the first 
term of the remainder by it, in order to obtain the second 
term of the root: we then take away the remaining part 
of the cube of the terms in the root ; namely, three times 
the square of the first term multiplied into the second, 
three times the first term into the square of the second, and 
the cube of the second term : and whenever there is a re- 
mainder, proceed as before, considering the terms already in 
the root as constituting one term. 

(2) Extract the cube root of 

ar0-.6ir*+ 15«4- 20aj34. 15a?'-~6a?+ 1. 

a^-6a?*+15ar^ — 20a?3+15a?^— ea* 1-1 («*— 2a?^l 



— 6a;* + l2aj*— 8ar3=:3a?*(— 2a?)4-3a?2(-2ar)^+(-2.r)3 

Sa:* - 12a?3+ 15a:^— 6ar f 1 

• • • • ■ 

(3) Extract the cube root of (x^-\ — j ) +3 (a? -j- -j . 

, . o .3,1/ .1 

aj' + 3a: H h — , I « + - 

X x^ \ X 

or" 



\ SI 

3a:M 3a: +- + -r 
/ X x^ 

3 , 1 
-* + - + 3 

X XT 
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EXAMPLES FOR PRACTICE. 

3. 



(1) Shew that v^(8a:« + 48aa:* ^ 60a'ar* — 80a V — 900^x2 

^->> y V y' '^ .^/ y* ^' 

(3) v^(a3"» -6a«~+V4- 12a"»+2ar««— 8a3«3») ^=0*— 2aa:". 

94* 2b extract the cube root in numbers. 

Since the cube of 10=1000, of 100=1000000, &c., if a 
cube number have 3n^2, 3n— I, or 3n figures, its root must 
have n figures : if, therefore, a point be made over every third 
figure of any cube number, beginning with the units, the 
number of points will shew the number of figures in its root. 

(1 ) Let the cube root of 4'0353607 be required. 



40353607(300+40 + 3 
27000000 f6'i) = a' 



3o' = 270000 
(3a + i)6= 37600 

3a2+(3a+6) 6 =307600 
6'= 1600 

3a; = 346800 
(3aj+c)c= 3069 

3aj'+(3aj+c)c= 349869 



13353607 A 



12304000 (*S'^= 3a'64 Sab^+b' 



1C49607/?, 



1049607 (S^=Sa^^c+Sa^c^+€^ 



Here the points indicate that the root consists of three 
figures, whose values we suppose to be a, 6, and c, respec- 
tively : first subtracting a', which is the greatest cube con- 
tained in 40000000; we divide the remainder (/?,) by 3a«, 
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in order to obtain b; and to 3a* add (3a + b) by multiply 
their sum by by and subtract the product ('S'^)) which is the 
remaining part of the cube of a -f- ^ : then proceeding as be- 
fore with 3 (a-f &)*> which is the sum of ^ and the two lines 
standing over it, for our second divisor, representing it by 
Sa^y we obtain Cy and (^S^y which completes the cube of 

a^-\-c or of a + 3 + c: 
and since the sum 

or \{a^h)^c\\ 
and there is no remainder, the root thus found is accurate. 

The above operation may be conducted also under the fol- 
lowing abbreviated form, according to the rule subjoined. 



94 



1023 



40353607 <843 
27 



27 
376 

3076 
16 


13363 
12304 


3468 
3069 


1049607 


34986. 


9 


1049607 



Having ascertained the number of figures in the root by 
placing a point over every third figure of the given number, 
beginning with the units, the first figure in the root is the 
greatest number whose cube is contained in the first period 
on the left hand ; find this, subtract its cube from the first 

H 
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periodi and to the remainder bring down the next period ; 
the number thus formed is commonly called the resolvend : 
.some way to the left of the resolvend place three times the 
root already found (9), and multiply it by the root for a par- 
tial divisor ; then divide the resolvend, omitting the last two 
figures, by this divisor (27)> and make the quotient, taken 
in defect if necessary, the next figure of the root ; annex it 
(the quotient) also to the triple of the root, and multiply 
the number thus formed (94) by it; place the product 
under the divisor, moving it. two places to the right, be- 
cause there are two ciphers more omitted in the divisor 
than in it, add the two together, and multiply their sum by 
the quotient (4); subtract the product from the resolvend 
above, and to the remainder bring down the next period; for 
another divisor take the sum of the two lines which stand 
immediately under the preceding divisor and the square of 
the figure of the root last found, proceed with this as before, 
and repeat the process as often as required. 

95. When the cube root of a decimal is required, periods 
of three places* must be marked ofi^ to the right of the units, 
as many zeros being annexed as may be necessary to make 
the number of decimal places 3, or a multiple of 3 ; because 
there are three times as many decimal places in the cube as 
in the root. 

96. Upon the same principle, the extraction of the cube 
root either of an integer or decimal, which is not a complete 
cube, may be continued indefinitely, by annexing periods of 
zeros continually, considering them, and all the places in the 
root corresponding to them, as decimal places : we may thus 
approximate as near as we please to the required root. 
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(2) Let the cube root of 102.87 be required. 



126 



1388 



14045 



102.870(4.685 

64 



48 
756 


38870 


5556 
36 


33336 


6348 
11104 


5534000 


645904 
64 


5167232 


657072 
7022 


15 


366768000 


65777 


42 


15 


328887125 



87880875 



EXAMPLES FOR PRACTICE. 

(1) Shew that ^68921=41. 

(2) ^17173512=258. 

(3) ^2197000=130. 

(4) -^.001 =.1, and ^.000001 =.01. 

(5) ^10 = 2.154 ^.01 = .2154 . . . 

iK.OOOOl = .02154 

(6) ^100 = 4.641 i?M = .4601 ... 

^.0001 = .04641 

(7) ^48230.605376 = 38.76. 

(8) ^4 = 1.5874 

W V 5l2 = 8- 



, and 



„ and 
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(10) \/^| = ^.8333 = .94103 

("> V 2i6 = -6- = 6 =-72408 

(12)^52034if=ilil|^ = H^=37i. 

Or thus, ^52034H = ^52034.370 = 37.3 = 37^. 

97. Similar methods may be applied to the extractioii of 
the roots of higher powers, but they are seldom employed in 
practice. 

The fourth root may be found by taking the square root 
of the square root, the sixth root by taking the cube root 
of the square root, and so on for all composite indices : for 

a* = (aV, «* = (a^f, &c. 

The roots of the higher powers of numbers are extracted 
by means of logarithms, even in the case of the cube root 
when the cube contains several periods, more rapidly than 
by any other method, . 



SURDS. 

98. Quantities affected by a radical sign, or fractional 
index, denoting a root which cannot be extracted in a finite 
number of terms, are called Surds or Irratianal quaniiHes, 

Thus ^/2, -^4, ^/o, ^/(1+a?), ^(a+ar)^ and ^^^^ 
are surds. 

99. Since a r=z a^ :=z a^ =z er z= am, and a^ = i/a*, 

a rational quantity may be represented as a surd, by raising 



I 
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it to the power whose root the surd expresies, and affixing 
the radical sign, or denoting the root by the denominator of 
a fractional index. 

In the same manner the form of any sard may be altered ; 
thus 

(a-h«)*=(a+«)*=(a+«)*= ^ = L_ 

100. Since (a«i)« = a'^h^ = ab^, if a quantity under a 
radical sign or fractional index contain a factor which is a 
perfect power corresponding to the root indicated, its root 
may be extracted and made a rational factor of the remaining 
surd. 

EXAMPLES. 

(1) ■•(27a(=») = V(8'x8«%)=8«v'(S*)- 

V 

(2) (108o%)* =(27 X 4a»«)* =8a (4*)* . 

(3) ^(72a; + 108y) = -/(36 x 2« + 36 x 3y) = 
6^(2*+ 3y). 









<«ve-a=v/ 



a3A«c-a«63d 



cd 



= 27 \^(«^- ^ 



/.-v ^ /<3^^ ax ax 

(') 1/ — ;:= -77 ^ o' — ^/(a-«). 

|/ a — a? ^(a— a?) a— a? ^ ' 

h2 
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101. Conversely any rational factor or coefficient of a 
surd may be introduced under the radical sign, or fractional 
index, when raised to the power whose root is indicated by 
the surd. 

(1) ^/(5^2) = K5'x2)^i*=(250)*. 

^^ a^x\a-{.x yj {a^xf{a^x) ya~-x' 



ADDITION AND SUBTRACTION OF SURDS. 

102. The sum or difference of surds which have the same 
irrational part, is found by affixing the sum or difference of 
their rational factors, or coefficients, to that irrational part. 
Surds which have not the same irrational part are connected 
together by means of the proper signs. 



EXAMPLES. 

(1) a^X'-b ^x+c ^x^^a—b-^-c) ^x. 

(2) ^(45^3) « v'(80c3)4. ^(5a^c)=:Sc \^(5c)^^j^(5c) 

(3) ( 1 Sa^ty + (a^f - (54a3ft)* ^ab^ --a {9hf . 

(4) a^bc {a^^bcf - b'^c (cfib'^cf + a^b^c^ (243a-*A-"c-*y 
=zSabc(abcy , 

(5) (54a«+«63)^ _ {ISa'^'^b^f + (2a*'»+»)* + (^c^a^^f 
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MULTIPLICATION OF SURDS. 

103. Since avbi = (a^ft")?, if the indices of two quan- 
tities have a common denominator, their product is found by 
raising them to the powers expressed by their respective nu- 
merators, and extracting the root indicated by the common 
denominator. 

If the indices have not a common denominator, transform 
them so as to have a common denominator, and proceed as 
before : 

1 1 Am 1 

thus, a^6" = a'""6"** = (a"6"*)"". 

If the surds have the same rational quantity under the 
radical signs, or fractional indices, their product is found by 
making the sum of the indices the index of that quantity, 
(Art 4?5). 

If the surds have rational factors, their product must be 
prefixed; thus, (a y/x) (b ^y) = ab ^/{xyy 

EXAMPLES. 
(0 •3xv'8= \/24=:/(4x6) = 2/6. 

(2) To find the product of 3V2- VS and 3V34-4?V2. 

3 V2 - V3 

3 V3 -f 4 V2 



9 V6 - 3 X 8 • 

12x 2-4V6 

9V6+ 15 - 4V6 = 5\/6+ 15 

(3) 5^/3x7^/|x^/2=140. 

(4) (5 ^14 + 3 V'5)(7\/14-.2 -/ 5) = 460+ 11/70. 
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(6) 5^2x3 v'C^+e v'S) = SO v'(2+ 3 /2). 

(6) (a^ + J* +«*)» = o* + 6^ +c* +2(ai/ +2(ac)* 

+-2(6cf. 

ii IL ii JLL 

(7) (a+ 6'')'"(c+d'')'»= |ac + c6»+adP+(ftPd")"Pj"». 

(8) |«* + (ay)* + y^l ix* - (xyf + y*| = 

(«* + y*)* - M* = « + (xy)* + y. 

1 \^ 1 

(9) (a4-\/ft)*(a-\/*)"=(«*-^)*- 
(10) (9 + 2^/10)(9-2^10)=4.1. 

(12) |^/a-v^(6-v'c)^^a4.^(6-v^c)f=a-ft+.^c. 

(13) (Va + ^b-\-^c)(:Ja-\^^/b^c){^a'\'^c^h){^b-\-^/c^y/a) 



DIVISION OF SURDS. 



m 



104. Since ^ z=\-JL ^ ^--jp, (Art. 76> if the indices 

of two quantities have a common denominator, the quotient 
of one divided by the other is obtained by raising them, re- 
spectively, to the powers expressed by the numerators of 
their indices, and extracting that root of the quotient which 
is indicated by the common denominator. 
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If the indices have not a common denominator, transform 

them so as to have a common denominator, and proceed as 

before : thus, 

^ — J- 1 

6« fc"*" (ft™)"*** 
If the surds have the same rational quantity under the ra- 
dical signs, their quotient is obtained by making the differ- 
ence of their indices the index of that quantity ; thus. 






—7 or = a *"" ; 

In ' 

because these quantities, raised to the power mn, produce 
equal results, viz. ~ and a""*" (Art. 51). 

If the surds have rational factors, their quotient must be 

prefixed; thus, 

a ^/x 



h^y 



a / X 



EXAMPLES. 

(1) (V72+V32-4)^V8==5-V5i. 

(2) To find the quotient of 5 /6+15 by 3 /2- ^ 3. 
To find this quotient by division, it would be necessary to 

restore the original form of the product in Ex. 2, Art. 103 ; 
but as the original form of the product of two quantities 
involving the roots of the same numbers is not easily dis- 
covered, recourse is commonly had to the following process 
of rationalizing binomial quadratic surds, which is furnished 
by the theorem given in Ex. 4, p. 16 :-^ 
5V6+15 5V6+15 3V2+V3 45V3+60V2 



3V2-V3 3V2-V3 3V2+V3 15 



= 3V3+4V2. 
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(3) To find the quotient of 1 - VS- V2 by V» - V2- 1. 

Treating ^S-^2 as one term, 

1^V3-V2 _ 1 - (V3 + V2) Va ~ V2 -f 1 
V3 - V2 - 1 "^ V3 - V2 - 1 ^ V3 - V2 + 1 

'■CV3-V2)'-l"4-2V6' 

~2V2 2V2 ^ 2V2(2\/6+4) 

^° 4 - 2 V6 ^'^ 2 V6 - 4 "" (2 V6 - 4) (2V6 + 4) 

4V12 + 8V2 8V3 + 8V2 .^ ,^ 
= = = v3 + v2. 

24-16 8 

^ '^ 4\/2 + 2V3 

3V15-4 g^g^^3 
^ ^ 2V3-V5 

(8) VJa6+V(ac)KVa=y''(6+ y^^). 
(10) aVa:+V(te)— aVy— V(6y)^Va?-~'v/y=a+V6. 

(12) ( a^ar-f -rr^ 4- - ) "t" (-r 4-«Va?4- t )= 

^ ^ \x ^ ^/(ax) a) War ^ ^aJ 

a« , ar« 

-77 - a V« + -7- . 

WX ya 
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105. The following are examples for practice in the re- 
duction of compound expressions involving surds. 

...y,. ax a \/a? 



(4) 



l+« , v/(l+«») l+ar+a;«" 






1 



or 



(l-ar)*VO+*) 



V(g+a;)4- >•(«-») _ a+./Cg»-a!«) 



84 ALGEBRA. 

the common factor being 1— a?^ 4-a? . 

a — a? \/a-\- \/x 



(10) 



4«4-4 4*«4- a^4-aa? + a?*' 



,j J. (a?+4)a?^2(a?+3)Vg4-3 ^ g+3 



(«— 2)a:— (a?— 3) v^ar— 1 a? 4- ^ar—l ' 

. . 42a?^ -43a^/ + 36a?^y~-5ay^ 
S6a?^y— 48ary^ +37a.^y2~55^" 

y |6a?— 7 \f{xy)-\-^y\ ' 



IMAGINARY QUANTITIES. 

106. If a root be indicated by an even number, and the 
sign of the quantity be negative, the expression is called an 
Impossible or Imaginary Quantity, because no quantity 
raised to an even power can produce a negative result 

107* Every imaginary quantity may be shewn to involve 
^ — 1 ; thus, 

drc«; the only ambiguity which can arise from treating them 
as surds, and which exists in the result of their multiplica- 
tion, may therefore be removed by the simple consideration 
that involution and evolution are inverse operations: thus, 
instead of (y^— a)3=^(— a)«=:^a«=±a, we shall have 
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(\/ — a)' = — fl, the operation indicated by the radical sign 
being obviously neutralized by the inverse operation denoted 
by the index 2; and on the same principle we shall have 

V -O.V- 6=Vo.V- 1.V6.V- 1 =V(a6) (V- 1)«= - V(a6), 
and not V-a. V-6=Vf(-a) (-6)f =V(a6). 

108. Hence, in order to determine the sign of any pro- 
duct of imaginary quantities, we must observe, besides the 
signs -}- and ^ which may be prefixed to them, how often 
v/ — 1 is involved: the investigation of the powers of v^ — 1 
becomes, therefore, a matter of importance. 

(V-1)3=(V- 1)V-1 = -V-1, 
(V-l/=(V~iy(V-l)«=(-l)(-l)=l: 
and siinilarly, 

(V-l)*» =|(V-1)«|"=1»=1, 

(V-i)<«+'=(V-l)*».V-i=V-i, 
'(V-iy«+«=(V-i)*».(V-i)*=-i. 

(V-1)«»+3=(V- !)*"+« . V- 1 = — /-I. 

In the last four are comprised all the powers of V^ — 1 ; 
for all positive whole numbers are of one or other of the 
forms 4», 4<» -f- 1 » ^^ H" ^» 4n -f- S, n being a whole number 
or zero : thus, 

if II = these forms are 0, 1, 2, 3; 

K SS'I ••• ••• ••• V, Of O, I { 

» = 2 8, 9, 10, 11; 

and so on. 
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EXAMPLES. 

(1) To find the square of a+b V - 1- 

a +h \/— 1 

a^^ab \/ — 1 

a&/-l4-y(-l) 

a^ + 2ab /-l-6» 



(2) To divide a^ + ft* by a+6V-l. 

—ab •-1+^ 

(3) To find the product of 2 + 3 .^ — l^and 3+ V" 1 

2 + 3 V-1 
3+^-1 

6 + 9 V-1 

2^/-l + 3(-l) 



6 + 11 V — l-3=3+ll^->l 

. . 3+11^-1 ^ 3 + ll>v/-l 2--3>v/-l 
^^ 2+ 3^-1 2+ 3>v/-l 2— 3V — 1 

^ 39+13^-1 ^g_ (See Ex. 2, Art. 104). 
4 + 9 

^ a?+y\^-l a?+y^ — 1 a?— y \/ — 1 
ax—hy bx-\-ay 
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109. Subjoined are a few examples for practice in the 
transformation and reduction of expressions involving \/ — 1. 

(1) V-48=V(-16X3)=4.V3.V-1. 

(2) (a+6V— l)±(c + <fV— l)=o±c+(6±rf)V~l. 

(3) (aV-c)(6V-rf)=a6V(crf) (V-l)«=-a6 V(crf). 

(4) |a4V(-4^^^|aMV(-*^)? = Ja+2^(-l)nfl«-S&V(-l)| 

=aM2a«^3aft2) V-1+66^ 

(5) |a?+V(-45^)na?-V(~^)|=a:«-a:VyV-l+6y. 

(6) (o4.6V-l)^-(a— AV-l)3=(6a«6-63)V_l. 

(7) (a + *V -1 +€?V— l)(« + ftV— 1— cV— 1) 
=(a+6V— iy4-c*=a'— *^+c24-2a6V— 1. 

(8) , ''^I^' ^ ^a^^ah-(ab^^b^)yl^\. 
(10) (5+2V-.l)(6— 3^ — l)=36-3v/— 1. 



(-) (i^')'=-'- 



(13) 



(U) 



^2 

1.1 2a 



a+ftv^-l a-6^ — 1 a»-f.6«' 

g-h^ V^ — 1 _ g— ^ \/ — 1 _ 2(&c--ogO y — 1 
c+fl?V-l c— rf^ — l"" c*+d« 
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EQUATIONS. 

110. The tenn Equation is geDerally applied to any 
expressions, including zero, which are connected by the 
sign =• 

111. In the theory of equations those only are considered 
which contain one or more unknown quantities ; the object 
being to determine, from the relations expressed between the 
known and unknown quantities, the values of the latter in 
terms of the former. 

These values are termed the roots of the equation, and are 
said to satisfy the equation, because, when substituted for 
the unknown quantities, they render its members identical. 

112. The general principle by means of which a root of 
an equation may be discovered is, that any change may be 
made in its members which does not affect their equality. 
Hence, 

(1) The same quantity may be added to, or subtracted 
from, both sides of an equation. 

(2) Any term may be transferred from one side of an 
equation to the other, its sign being changed : for if a positive 
term be thus transferred, it is equivalent to subtracting the 
same quantity from both sides of the equation; and if a 
negative quantity be transferred, it is equivalent to adding the 
same quantity to both sides. 

(3) Both members of an equation may be multiplied or 
divided by the same or equal quantities. 

Hence, an equation may be cleared of fractions by multi- 
plying both its members by each of the denominators, or by 
the least common multiple of all the denominators. 
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Also, the signs of all the terms on both sides may be 
changed, since this will only be introducing into each term 
the factor —1. 

Hence also, both members of an equation may be raised to 
any power; and conversely, any root of both may be ex- 
tracted. 

113. When an equation is cleared of fractions and surds, 
if it contain the first power only of an unknown quantity, it 
is called a simple equation, or an equation of the^r^ degree : 
if it contain the square of an unknown quantity, it is called a 
quadratic^ or an equation of the second degree ; and generally, 
if the index of the highest power of an unknown quantity in 
any equation be n, whether the inferior powers be involved 
or not, it is called an equation of the n^ degree. 



SIMPLE EQUATIONS INVOLVING ONE 
UNKNOWN QUANTITY. 

114. Every simple equation containing but one unknown 
quantity may be put under the form 

aj — ^ == 0, or a? =p: 
whence it is obvious that it can have but one root. 

EXAMPLES. 

(1) 5ar - 4 = 3a? + 10 

by transposition, 5a? — 3a? = 10 + 4 

or, 2a? =s 14 

I 2 
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multiplying both sides by 12, the least com. multiple of 2, 5, 

and 4, 

6« + 4ar = 3a; 4- 84 

/. by transposition, 6x -^ ^x ^ Sx = 84t 

or, 7a? = 84 

/. a: = 12. 

x + 5 a?-2 a: + 9 
<»> -^7 5- = -IT 

multiplying by 7, 5, and 11, 

55x + 275 - 77a: + 154 = 35a? + 315 

transposing and collecting the quantities, 

57a: = 114 

__114 _ 
•'• *-l7""^" 

Obs. In clearing an equation of fractions, the sign — 
affects every term in the numerator of the fraction to which 
it is prefixed. 

multiplying by >/ar -f 4, 
a? - 16 = 259 - lOr 
.-. 11a: = 259 + 16=275 

• • X ^— ' I - — • ^o» 

(5) '/x— 16 + V* = 8 

transposing >/a; and squaring both sides, 
a; — 16 = 64 — 16 \/x + x 
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.'• ^ X = 5 

/. X = 25. 

(6) ^(2« + 3) + 4 = 7 

transposing 4 and cubing both sides, 
2a? + 3 = 27 
.•. 2a? = 24 

• • a? — 1 2?« 

. . V^a? 4- 2a __^ y^a? -f 4q 

^ ^ Va?4. 6 "" V* + 3* 

multiplying both sides of the equation by {y/x + 3) ( \/a? + 35), 
a? + (2a + 35) ^a? + 6a5 = a? + (4a + 5) /a? + 4a5 

(2a — 26) v/a? = 2a6 

(A 



\fx = 



a — h 



•■•'=C-^)- 



/Qx a? — ax \f X 

yx a? 

multiplying both sides of the equation by -/a*, 

a? 
ar — era? = - = 1 

a? 

or, (1 — a) a? = 1 

1 



X = 



1 — a 



^^^ ^(3:r)+l-^+ 2 

Since 3a? — 1 = (Vsi + 1)(V^ — 1> 

3;p J 
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and subtractiDg ^--^ — ^ from each side, 

2 

2 ■" 

.\ j^(Sx) -1=2 

/. )/(Sx) = 3 

/. 3a? = 9 

• • X — o* 

squaring botk sides, 

X* ax a'' a« ^ V \a*x* ^ v*) 

and multiplying both sides by x, 

again squaring both sides, 

1 ._*.!_*. 9 
^ "^ aa: a* "" o* ^ ar* 

4. 8. 



ax X* 



1 2 
and multiplying by a?, — = - 

o X 

/. multiplying by oa;, a? = 2a. 
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<"> ■l/(?+')-v/(^')=" 

whence also, 4 ( — — 6^ J = — h c* 

\a?* J x^ X 

o; 

^a^c' 

(12) >e^(a+^ar) + ^(a-V«)=^^6 

or >^(a + v'«)=^*— -^C^— \^a^) 
.-. a + \/a?=6— 36^(fl— >/a:)^ + 36^(a— Va?/— a+ ^a? 

.-. 2a-6=-3&*(a-Va?)^I^^-(«-V«)*^ 
= - 36* (a- V ^)^ {a + ^/a:)* 

= -.36*(a2-ar)* 
.•.8a3-l2a36 + 6a52_53__276(o«-aj)=-27a26 + 273a? 



a? = 



276 



EXAMPLES FOR PRACTICE. 

(1) 12a?-.13=10a?+15 a?=14.. 

(2) 3a?+7=9a?— 5 a?=2. 

(3) ar±6=C X:=::^^. 

a 
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(4) a«+a,=&B+6, a; == ' > . 

<^> 2+3 = 4 '=i0- 

(6)|-9 = |+5 *=*2- 

(8)«+| + |=m-|-f -=60. 

(10) ^±i = ?5±i *=9- 
^ ^ 2 7 



(11) « = 



oc— 6 ^ ^ 



c 

X 7— « 



0?== 



a— c 



(13) . = I + i(^ -7. 

04),-^-=l=S-i±^ 



x=2j. 



(17) ^j^ 5-=^--*- *-®- 
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42 _ 35 



1 



(19) -Il-=-2f 
^ ^ l-.2a? 1- 

(20) — ^^ == -^ , _ of-cd 

^ ^ Sa?~.4? 6a?-.? *=!• 

(22) ^^ ~ J:?^ = 14- !^±^ ^^3 

(23)K*-D + K*+§) = lJg ;r=4. 

(24) 3.75ar+.5=2.25a;+8 ar=5. 

(25) .15a?-|-1.2— .875a?4..375=.0625ar a;=2. 

(26) 8.to-.7.6=2.2ar+10 a?=2.8387... 

(27) a+a?4- V(2ar+a;«) = 6 a: = (?:Z^. 

26 

(28) Vl2+x=:2+i/ar ar=4. 

(29) i^4a?+9^2V^=l ;r=4. 

(30) ^a:=/2+^(a'-.2) a?=2. 

(31) V'ii::S+i/i:f6 = 2V'a: a?=: i?±^ . 

8(6—0) ' 

(32) i^4a+ar+V^^+i^==: 2^^2*0+^ ar=- — . 

(33) ^/a+a^+Va— ar ;= 2 V'a? 



2a 



2a 
5 

a 
a? =: — 



(34) v'«+^fl+a:= __= *= _ 

va + a: 3 

1 /- 1 1 1 / a6 

(35) - Va-\-x + - Va-{-x = - V a? a? = —: . 

(36) 3(^a:^6)=2(l--^a?) a?=64. 
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(37) (o + «)" =(«« +5ax+ 4»)«« x= ^-3—. 

('')'^^^'^'^^-^' .=4(a«l). 

(40) J^(^>a: + 3a«)-|/(V-^-3a«) = \/(-^a:) 

4(a-6)* 



a: = 



SIMPLE EQUATIONS INVOLVING TWO OR 
'more unknown QUANTITIES. 

115. When there are two independent simple equations 
involving two unknown quantities, the value of each un- 
known quantity may be obtained by any of the following 
methods. 

First Method, In either equation^ find the value of one 
of the unknown quantities in terms of the other and 
known quantities, and for it substitute this value in the 
other equation, which will then contain only one unknown 
quantity; and the value of this quantity being substituted in 
the expression for the first unknown quantity will give its 
value. 

Thus, suppose ax-^ln/z=:c and Jx-^-b'y^sc'; then, if we 
substitute for x in the second equation its value, ^ , de- 
termined from the first, the resulting equation will be 

— ^ 4- iy = c 
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or dc — dhy -\-a}iy^=^ad 
/. ah'y—a'byzziac' '•^a'c 



y = 



ac — ac 



ah'^a'h 

and substituting the value of y in the expression for Xy we 
obtain 

c — by € h ac' — dc h'c — hd 
a a a ah' — db ah' — a'6 ' 

Ex. 1. 3a? + 2^^ = 118 and x + 5y =^ 191. 
From the first equation x = — - 

and substituting this expression for x in the second equation, 

118 -2y , ^ 

3 — - + 5y = 191 

/. 118- 2y+ 15y=573 
455 

hence also 

_ 118 - 2y 118-70 , . 
X = 3— =16. 

The simultaneous values of x and y are, therefore, 16 and 
35, respectively ; which, substituted in the original equations, 
will be found to satisfy them. 

T. ^ « ^ , € d 

Ex. 2. = m, and = w. 

X y X y 

Putting V for - and u? for — , we have 

av — bw=L m, and cv — dtv =in; 

K 
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and from these equations are obtained 

^ ^ — dm ^ an -^ cm 

"^ cb ^ad ' "^ cb — ad ^ 

1 eb'-^ad , 1 cb — ad 

whence a? = — = _ r- , and y = - = . 

V on — am " w an — dm 

Second Method, Find from each equation an expression 
for one of the unknown quantities; put these expressions 
equal to each other, and the resulting equation will contain 
only one of the unknown quantities, the value of which may- 
be found therefrom ; and this, substituted in either of the 
above expressions, will give the value of the other unknown 
quantity. Thus, supposing 

ax -^ by =z Cf and dx + b'y = c' 

c "by 



then, from the first equation, x = 



a 



c — Vy 

and from the second, x = 7— ^ 

a 

c " by c -- b'y 

whence = r-^ 

a a 

/. dc — ciby =1 ac' — ab'y 

and, by transposition, aVy — clby = ac — dc 
or {ab' — db) y •=^ ojc* — dc 

ac — dc 



y = 



aH - db 



and this value, being substituted in either of the above 
values of Xy gives 

lie — be 

aV — db ' 
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Ex. 3. ^^t_? 4. 8^^ = 31 and ^^ + lOa: = 192. 

3 * 

From the first equation, a? + 2 + 24^ = 93 

/. ar = 91 — 24y (1) 

from the second, y + 5 + ^Oa* = 768 
/. 40i? =763 — y 

•■••=^^' (^) 

equating (1) and (2), ^— rr-^ = 91 — 24y 

40 

.". 763 - y = 3640 — 960t^ 

.'. 959;/ = 2877 

2877 

/. y = = 3 

^ 959 

and substituting the value of y in (1), we obtain 

a; = 91 - 72 = 19. 

Third Method, Multiply or divide each of the given 
equations by such factors as will render the coefficients of 
one of the unknown quantities the same in both: then 
cancel the identical terms by addition or subtraction, and 
the result will be an equation containing but one unknown 
quantity. 

Thus, if ax -{• bf/ z=c and ax +• b'l/ = c\ and we mul- 
tiply the former equation by a' and the latter by a, in order 
that the coefficient of x may be the same in both equations, 

we shall have 

aax + a'bt/ '=. dc 

and ad 



IX + a'bt/ '=. dc 1 
IX + ab'y ~ ac J 
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/. by subtraction, dhy — aJby = dc — ac 

dc — ad ac — dc 

whence y = -77 r/ or —r. tt 

^ do — ah ah — do 

and by substituting the value of y in either of the original 

equations, 

hd — . he he — he 

. we shall obtain x = -77 =-, or — r; ^^ » ^^ before. 

aO'^iw ao — a o 



Ex. 4. (a: + 5) (y + 7) = (a: + 1) (y - 9) + 112 

and 2a? + 10 = Sy + 1 



} 



Performing the multiplications indicated in the first equation, 
ay 4- 7a: -f 5y 4- 35 = ay — 9ar + y — 9 + 112 

.'. 16a? + 4y= 68 



/. 4ar + y = 17 1 
ion, 2a? — Sy = — 9 J 



also, from the second equation, 

and multiplying the second of these equations by 2, and 
subtracting the product from the first, there results 

7y = 35 
whence y = 5 

also, 2a? = 3y — 9 = 15 — 9 = 6 

and /• a; =: 3. 

Ex. 5. V— i — = and ax + 2by = c. 

b + y 3a + x ^ y 

From the first equation, 3a* + aa? = 6* + ^ 

or oa? — Ay = 6*^ — Sa^ 1 
also aa? 4- 2by = c J 

and since the coefficient of a? is the same in both these 
equations, we shall have, by subtraction, 

Sby = 3a« — A* 4- c 



whence y = 
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3a2 _ ^2 ^. c 






also ax =z c — 26y = c — 

* 3 

c - Qa^ ^ 26* 

and .'. « = . 

3 

£x. 6. 



a? + y = a 1 
X — y = b J 



and 

a + 6 
By addition 2x = a ^ b, whence x 



and by subtraction 2y=a— -6, whence y = 



2 
a — b 



T> ^ 2a7 — y , a: + 2y 

Ex. 7. —^ + 14 = 18 and — V"^ + 16 = 19. 



From the first equation 2x 
and from the second 2x 



- y = 8 1 
+ 4y = 18 J 



.*. by subtraction, 5y = 10 

and /. y = 2 

also a? = 9 — 2y = 9— 4 = 5. 

EXAMPLES FOR PRACTICE. 

^-^ +3 = 4. y = 4. 

(2) y + 7y = 99, ar = 7, 

I + 7ar = 51. y = 14. 



\ 



k3 
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(3) « + 5 = 3^ — 9. ar = 25, 

__ 9- = i7 — 4-- y-13- 

17x— 31y=lJ. y = i- 

(5) 1 + 1 = 9. * = 12. 

f + ^ = S§. y = 16. 

4 6 

(6) ar + *y = «. ar = — -^-^, 

«f — Cl/" 



» y _ 



^ + 5="- y- ad-^be • 

ft» + c* _ o« 
(8) aa: + 6y = c». * = ^ . 

ac 4- 3a*ft — 6^ 
(^) ax — by — c, a; = a* — l^ ' 

a b _ _ 3a»+cft— a&« 

i"^^ ~ Sa-y "" °' ^ ~ a« - 6* 

(10) -T- "^ li^^e" - ^i -^ 2 ' *-^' 

gy+jT ear - 3y 4y^ y=9. 

10 2y - 8 ^5 
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116. If there be three independent simple equations, and 
three unknown quantities, from two of the equations obtain 
one containing only two of the unknown quantities, by any 
of the above methods, then from the third equation and either 
of the others obtain another containing the same two un- 
known quantities ; and from the two equations thus obtained, 
the unknown quantities which they involve may be found. 
The third unknown quantity may be found by substituting 
the values of the two others in any of the given equations. 

The same principle may also be extended to any number 
of independent simple equations containing as many unknown 
quantities. 

EXAMPLES. 

(1) 5a? — 6y 4- 4« = 15, 

7a? + 4y — 3« = 19, 
and 2a? + y 4- 62? = 46. 

From the first equation, z = ; 

.'. by substitution, Ix Ar ^y "^ — ^^ = 19, 

, ^ 45— 15a? -f 18y 
and 2a? 4- y 4 -—I ^ = 46 ; 

or 43a: — 2y = 121, 

and 2()y - 11a? = 47: 

4,3/p 221 

from the former of these equations, y = , 

.'. by substitution in the latter, 430a?— -1210 — 1 la? = 47 ; 

whence x = -jrrr = 3, 

4iy 






II-Er J^->_ I5--IP -^» 

in.i r ^ r = o- 



- 1 - *r = S. 

— i? -r 5r = la 
li « -I- -Sgr — ir = 54. 

8 — 3jr + 4a: 



Frmi trie irsc ©pascc, x = 



frooi th<e Kccnd, x = 



K — : - 


2 


10 + % - 5z 




3 


24 


-€y + 3z 



aod from the tliird. x = 

erioatiiig tlie fiist aad second T^Iaes of x, we have 

8 — 3y + 4r __ 10 -|- ^ — 5z 
2 3 

24 — 9^ + 12z = 20 4- 4jf - lOzr 

_ 22z+^ 

^ "" 13 
equating the first and third, 

8 — 3y 4- 42r __ 24 - 6^ + 3« 
2 5 

40 — \Sy + 20;? = 48 — 12y + 6z 

142? ~ 8 

and equating these expressions for ^, 

22g + 4 _ 142J — 8 
13 3 

66» + 12 = 1822? — 104 
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whence « = 1 



also y = = 2 

Or thus : 

From the first two equations, 6« + 9^ — 122? = 24 

and 6ar — 4j^ + lOz = 20 

.'. by subtraction, 13j/ — 222? = 4 
from the first and third, 10a? + 15^^ - 202? = 



and lOo; 4. 12^ 



- 202? = 401 
--^ 6z z=z 48J 



/. by subtraction, Sy 142r = -- S't 

also 13j^ — 222J = 4 J 

whence S9i^ — 1822? == — 1041 
and 39^ — 66z =12 J 

/. by subtraction, — 11 62? =— 116 

/. 2? = 1 

but, 3^ = 142? — 8 = 6 /. j^ = 2 

also 2a? 4. 3y — 42? = 8 and /. a? == — i — = 3. 

Or by the First Method. 

(3) z + y z=a, 

2? 4- a? = i, 
and y -^ X =: e. 

From the first equation, z :=z a — y 
.'. by substitution in the second, a — y ^ x =z b 

or y — X = a — b 
and y 4- a? = c 
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» ^ ^ b ^ e — a 
wbcnce by satoactioD, z = 

- J ,. . a -\- e — b 

by additioD, y = — 



and s = b — x = 
4 1 



2 
« 4 i — c 



•h i-ir-^'z = n 



5y z 
4 1.4 



Sx ^ z 



and — ■" t; — I- — = 16, W 

Patting « for — , v for — , and ir for — , the equations be- 
come 

Stt - ^17 + tt7 = f , 

^tt + Ir + 2tt7 = 6' , 
and ftt - |r + 4tt7 = if^i. 

from which we obtain tt = 2, t7=3, «7 = 4; 

and .-. X = |, y = J, 2? = |. 
(5) xj^ = a (x + tf), 

xz z= b (x + 2), 

and yz =z c (y -f. 2:). 

Dividing the equations by cxxy, 6xz, and cy^f, respectively, 
they become 

X ^ a 

1+1-2 

X z o 

and - 4- _ = - . 
y z c 



adding these together, and dividing by 2, 

X y z 2\a b cj 

whence, - = - ( --f- , ) 

X 2\a b c) 



y 2 Va c b) 

z 2\b c a) 



« J . 2abc 

and . . a? z=: 



and 



ac -{- be — ab* 

2ahc 

ab -{■ be — ac^ 

' 2ahe 

z = -. 

ab -\' ae — be 
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EXAMPLES FOR PRACTICE. 

(1) 2a? + 4y — 32f = 22, a? = 3, 
4a? — 25^ + 52? = 18, y = 7, 
6a? + 7y — z = 63. 2r = 4. 

(2) l+f + J=62, a? = 24, 
J-4-f+|=47, y = 60, 

T + ^ + -=38. 2r = 120. 
4? 5 6 

(3) 5a? +. 3j^ = 65, a? = 7, 
2y — 2f = 11, y = 10, 
3a? 4- 42? = 57. z = 9. 
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^ ^ X y 6 



4ai 2z 4 



y 



z 



12 



(5) a(x^c)=bz, * ■" (^?T^^y7T^ ' 

_ qgfcc(c~6)-63c^ 

_ abc^(a + b ) 

xy J ^ _ (6flfe + fl^) ^»*>t 

(^> a7+li - ' o>» - 6//« + bdlm ' 

yx (bde -\-acf) Imn 

_— — - = m, ^ — ^^^ ^ Jem« — orf/w ' 

xz __ (6<fe 4- ggP fa»^ 



QUADRATIC EQUATIONS. 
117. When an equation contains the square only of the 
unknown quantity, it is called a Pure or Binomial Quadratic 
Equation; and it is solved by finding the value of the square 
of the unknown quantity, as in simple equations, and ex- 
tracting the root of both sides. 

b / ^b 

Thus, if aa?«±6=:0, aj«=+ -, and .'. ir=± y -f- -. 

If - be negative the solution of the equation gives an 
a 

imaginary result, which will nevertheless be found, by 
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substitution, to satisfy the equation. It may also be ob- 
served that, since the solution of every quadratic equation 
involves the extraction of the square root, such equations 
must have two roots (Art 84). 

EXAMPLES. 

(1) 3«» — 4 = 71 

/. x=z ± 5. 

^ ^ a + v/(a3 - a?«) ~ 

Clearing of fractions, a—^ (a«— ai*) =a& + h ^/ {a^—x^) 
.•. (6+l)^/(a'^-ar»)=a-a6=a(l-6) 

1 -6 



.-. -/(«*-«') = «. 



1 + 6 

1 -ft\2 






=a«. 



46 



« = ± 



2a.v^6 
1 + b' 



EXAMPLES FOR PRACTICE. 



(2) to 4- ¥ = 0. « = ± 2 -v/ - 1. 
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2a: +^/ (4x^-1)- a: -±3. 



x=±l 



(5) i^ar^ + a? — Va;« — X = 2 i^x* — 1. 

118. Equations which contain both the first and second 
powers of an unknown quantity are called Adfected Quad' 
ratios; and are solved by reducing them to the form 
x'^ ± px =^ ± q, and then adding to both sides such a 
quantity as will complete the square of the first side, and 
extracting the root of both; thus obtaining a simple equa- 
tion from which the value of the unknown quantity may be 
found. 

119. To complete the square in Quadratics, 

Supposing the equation reduced to the form 

^2 ^ px = + ^, 

let m be the quantity necessary to be added in order to 
make the first side a complete square : then observing that 
since (a + ^)*^ = a* + 2ab + ^*i four times the product of 
the extreme terms = the square of the mean, in a trinomial 
which is a complete square, we shall have 

4!X^m =p'^x^, and .*. m = \': 

from which it appears that the quantity necessary to be 
added is the square of half the coefficient of the second term. 

120. Proceeding with the solution of the above equation, 
we shall have 

and .-. . = T|±y^{(fy±yj. 
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EXAMPLES. 

(1) a?2 ^ i2i? = 108. 

Completing the square, a?* + 12a? + 36 = 36 + 108 = U4 
and extracting the roots, a? + 6 = ± 12 
.-. a? = ± 12 - 6 = 6 or — 18. 

(2) a?2 '— ,a? + 3 = 45 

By transposition, x'^ — x = 4-2 

completing the square, ar' — a? + t = "7 + 4'2 = -7- 

4? 4 4? 

1 13 

and extracting the roots, a? — — = ± -— • 

1 ^ 13 
••• ^ = ^ - "2 = '^ '''* "■ ^ 

(3) aar* — bx = c 

b c 

Dividing each term by «, x^ a: = - 

a Oi 

completing the square, 

c 6* + ^-ac 



a \2a) \2aJ a 



4a« 



and extracting the roots, a: — _ = ± 

. ^ &± ^/(6^-f4flc) 
. . ar __. ^ • 

2a 

/.x ,^ 2a;* 4a? ^, 

(4) i6__=_ + 7i 

2a?^ 4a? 
By transposition, —+---=: 16 — Tf 

multiplying by - , a?^ + — = 24 r- = "T 



or 
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completing the square, * + j + f - j = 25 "^ "5^ 25 

3 18 

and extracting the roots, a? + ■? == ^ "f 

5 5 

3 _!_ 18 „ 21 

.".« = — -±— = 3 or -— • 
5 5 5 

Multiplying by 9a;«, 90ar — 126 + 18a; = 22** 

.*. 22«» - 108ar = — 126 

. g 54 _ 63 
.. a; --«- j^ 

« 54. my _ f^y_ 63 _ 36 

* "n*'*' Viiy \iiy 11 "(117 

27 ± 6 „ 21 

.. a,= -^^=3 or -. 

24? 

(6) * + ^m = 3« - 4 

12 

or r = a? — 2 

a? — 1 

.-. 12 = (a? — 1) (a? — 2) = a?2 — 3ar + 2 

.-. a?3 — 3ar = 10 

, o . 9 9 , ,^ 49 
or a?*-3a?+- = - + 10 = — 

4? 4? 4? 

3 7 

/.a? = ± -- 

2 2 

,•. ar = — =^ =5 or — 2. 



C7) 
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a? — 9 9 



a? + 2 3a? — 20 13 



J7' * lo 13ar« — 91a: — 234 ^ , .^ 

First, 13ar = 9a? + 18 

3a: — 20 

13ar«— 91a: — 234? 

or 4aj — 18 = 

3ar — 20 

and I2a:^ — 134a: + 360 = ISa:^ — 91a: — 234 

or x^ 4- 43a: = 360 -(- 234 = 594 

65 43 
.'. a: = ± -—- — —- = 11 or — 54. 
2 2 

(8) ar^ 4" 2aa: + a^ - lOa: — 10a + 21 = 

This equation may easily be solved by the usual method, 
but the following also is an easy solution. 

(a: + ay — 10 (a: + a) = — 21, 

(x + ay - 10 (a: + a) + 25 = 25 — 21 = 4, 

.•. a? + a - 5 = ± 2, 

and /. a? =7 7 — a or 3 -- a. 

X X b 
(g\ 1 -I- . * = 

*/x + \/(a — a?) y/x — y/{a — a?) /\/x 
Multiplying the equation by 

W^^- ^(a~ar)| {y/x-^ ^/(a- a:)J, 

X \\/x^ i^{a—x) 4- -v/a:+ \f(a-x)\ = — - (2a:--a) 

^^ X 

l2 
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b 

or 2x \/x = -;— (2« — a) 

ab 

2 

^ . . ^ ^ aft 6» — 2a6 

sod X* — bx A = — = 

^4 4 2 4 

ft : !: •(&» - 2ab) 
• • * — 2 • 

(10) X ± v^(10r + 6) = 9 

By transposition, ± v/(10x -f 6) = 9 — x 
by inyotution, lOr -|. 6 = 81 — 18ar + «» 



a« — 28a? = — 75 
/. a« - 28x + (I4)« = 196 — 75 = 121 
/. X- 14 = ±11 
and X = 14 ± 11 = 25 or 3. 

Of these values it may be observed, that one belongs ex- 
clusively to the equation 

X + /(lOx + 6) = 9, 

and the other to x — y/(\Ox + 6) = 9, 

whilst they both satisfy the rationalized equation, which 
involves the square of both 

+ V'ClOx + 6) and — v'Clto + 6). 
(11) x« — (a + ft) X + aft == 

...^-(»o).+(i±»y=(^)'-.»=C^y 

a-i-fta — ft . 

. , X z=. — - — ± — - — = a or ft. 
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EXAMPLES FOR PRACTICE. 



1) a:« — a; = 2. 

2) 3a:^ — 5a: — 2 = 0. 

3)^+1=21. 

4) r*— 7ar=ll. 

5) (a?-5)(a? + = 0. 

6) a?2 — (a - 6) a: — o6 = 0. 

7) (a? + 2)2 -^ (ar -f 2) = 20. 

8) ^2 — 4 = 16 - (a: - 2)^ 



a? == — 1, or 2. 
a? = 2, or - J. 

ar = 6, or —10^. 

a; = 8.32 ..., or 1.32 ».. 



9) ax^ -{-bx^c = 0. 



X = 



0) 2a? = a? + i. 

X 

1)^ + ^ = 1 

a X a 

Q\ *« _ * — 7 
^' ^Tpi ~ 2a- + 3 ■•" 

5a; -9 8a; +44 _ 
"•^ a; + 3 "^ 1^^^ ~ 

^ +-i^+ ^ 



« 5, 


or 


1 

5* 


a; = a, 


or 


h. 


a; -2, 


or 


-7. 


*-4. 


or 


-2. 


— * ± v'C*' + 4ac) 


2a 




• 


»'=i, 


or 


-s- 



a?r= 1 ± ^(1 — a2). 



a? = 7, or ^ 



3* 



^ x+a a;+-2a a; + 3a 

5) 4a? + 4 Va? +2 = 7. 

6) */x~^ X V^a? + 12 = 12. 



3 
a; 



a? = 5, or — 10^ 
— 11 ± >/13 



a?= 



a. 



X = 4^, or :J. 
a? = 4, or — 21. 



7) i/(4a: + 5) . v'(7a? + 1) = 30. a? = 5, or - 6^. 



8) V^a? + 3 + Va? + 6 = 3 \/a?. 



a* = 



9 ± \/76 
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(19) ^5a4-a: + V5a— «= . ar=4a, or 3a. 

(20) a?'(a? + 4)4-2a:(a? + 4)=2— (a?+4). a:= — 2±:v^3. 

(21) mqx^—{mn^pq) x—np=0. a? = - , or 



x - V^(a: -f, 1) _ 5 ^_Oor-.« 

^+ ^/(^+1)""TI- a:-8. or g 






(24) 



>v/(q^ 4~ qa? -f x^) -^ ^(g^ -- ax ^ x^) _ a 
X^(a^ + aa? + x^) 4- l/(a* — oar + a?*) ^ ' 



a? = 



46 

a? = ff, or — 6. 

121. From Ex. 11 it appears that in a quadratic equation 
of the form x^ ± px ±: q = 0, the coefficient of the second 
term is the sum of the roots with their signs changed, and 
that the last term is the product of the roots. 

It may also be observed, that the first side of the equation 
is the product (a? — a) (a? — 6), which, when a? = a or 6, 
must =0; and whatever be the degree of an equation, it 
may be shewn to consist of a corresponding number of 
binomial factors, whose second terms are its respective 
roots, with their signs changed ; and that consequently the 
number of roots corresponds with the exponent of the 
highest power of the unknown quantity. 

122. If an equation involve two powers of an unknown 
quantity, and the exponent of one be double the exponent of 
the other, it may be solved as a quadratic equation. 
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EXAMPLES. 

(1) ar<-6a?«-.27 = 

or a?* — 6x^ = 27 

•'. completing the square, x^ — 6x^ -f 9 = 9 + 27 = 36 
and taking the roots, ar* — 3 = ± 6 
/. a?2 = 3 ± 6 = 9, or — 3 
which are the two values of x^ : hence, by evolution, 

a? = + 3, or dz \/ — 3. 
whence the four roots of the equation, or values of a:, are 
3, — 3, 4- v^ — 3, and — -/ — 3. 

(2) Sxfi + 42a?3 — 3321 = 
Transposing, dividing by 3, and completing the square, 

afi + Ux^ + 72 = 1107 + 49 = 1156 

/. a?3 + 7 = ± v'1156 = ± 34 

/. ar3 = — 7 ± 34 = 27, or — 41 

.-. a: = 3, or >^ — 41 ; 

which are only two of the six roots of the equation ; but 1 
has, symbolically, the three values, 

, -^ + \/-^ . -l-\/-3 
1> 2 ' ^°" 2 ' 

which are the roots of the equation a?' — 1 =0; and ( — 1)^ 
has the same three values with the contrary signs, being the 
roots of the equation a?^-|-l=0; the cube roots of 27 and 
— 41, which are respectively equal to 

3x1^ and (4lf x(-l)^ 



118 ALGEBRA. 

have therefore each three different values ; the former being 
3, -3(i_^_3)^ and ^l(\^^^S), 

and the latter 

--^41, ^(l-v/-3),andi^(H-V^-3)j 

which are the six roots of the equation. 

(3) a* + 4a?* =r 12 

Completing the square, x^ -f 4<i?*J+ 4j=12 4-4?=16 

and extracting the roots^ a?* 4- 2 = + 4 

.-. a?*== — 2 ±4 = 2, or — 6 

whence a?^ = ± y/% or ± yf — 6 

and .-. a? = ± \/(± v^2), or ± V'(± \/ — ^); 

which are the eight roots. 

(4) a?^" — wia;" = p 
Completing the square, 

4 4 4 

1 . , m tJ (m^ 4- 4p) 

and extracting the roots, a?" = ± -i-^^ — -i — ±11 



and j'"^- ^/C"•' + *i')U 



where it may be observed, that 

m 4- ^(m« + 4f>)\^ fm - >/(»»» +- 4p) ;^ 



| m 4- ^(m» 4- 4^) j, ^„^ f. 



2 i 

contain, respectively, w roots of the equation. 
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(5) a? + 6** = 27 

/. or + 6a?* + 9 = 9 + 27 = 36 

/. -/a? = — 3 ± 6 = S, or — 9 

and .•. a? = 9, or 81. 

Both the values of \/a? satisfy the original equation, but 
of the values of a;> 9 alone satisfies it; 81, which is introduced 

by involution, belonging to the equation * — 6a: = 27. 



(6) x^ - 6a?* = 16 

Putting y for a?*, and completing the square, we shall have 

y* — 6y + 9 = 25 

I 
and .'. y or «== 3 ± 5 = 8, or — 2 

1 1 

whence a? = 4? x 1' or 4 ; 

of which the three values of 4 are introduced by involution, 
being the roots of the equation a?^ 4. Sx^ I6. 

4» • 2n 

or a?3 -f ^a?3 = J 

.'. «» + ^«3 +| = J + | = V 

• -1.3 1-4 2 — .2 nr ^~^ 9 

and .-. a? = (§)2», or (— 2)2». 
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(8) a: — 1 = 2 + 



\/ar 



or (/« + 1) (/« - 1) = 2 5^^^ 

2 
.-. V ar - 1 = ^ 

or X — y/x = 2 

whence V'a? = 2, or — 1 
, and /. ar = 4, or 1 ; 

of which values the latter is introduced by involution, being 

2 
the root of the equation a? — 1 = 2 — —r- . 

/ N 12 + 8 v/a? 

or a?* — 5x — 12 — 8 \/« = 
by transposition, a:* — 4aj = a: + 8 V^o: +12 

and completing the square, 

aj2 — 4a? + 4 = aj + 8 y x f 16 
each side of which equation b a complete square ; 

whence x — 2 = \/« + 4 
.-. a: - /a: + J = 6 + 1 == f 

/. V* = 5 ± i = 3, or — 2 
and /• a; = 9y or 4 : 

of which values the latter is introduced by involution, being 

xi_ A i» XL .. 12 — 8 i/« 

the root of the equation x ^ — = 0, 
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(10) -^+ * ^^ 



or 



X + 4} >/(x + 4?) X 

1 4 / _\ 21 

X Af- ^ X y X ■\- Af x^ 

-f 4? X y X \' ^ x^ 



. , / 1 5 2 3 7 

V/a?-|-4? X X X X 



1 9 49 

= -t. or 



.'. a?2 ^ 9ar = 36, or «« — 49a: = 196 

49 + v^3l85 

whence a?= 12 or —3, or !: ; the positive and 

2 

negative values corresponding to the like values df \/ (x -f 4) 
in the original equation. 

(11) a?*— 2«3 + a?= 132 

Adding and subtracting a;', there results 

ar^ — 2a? + ar2 _ (a:2 _ ay^ --. 132 

and completing the square, 

(a?2 « a:)« - (ar« ~ ar) + J = 1 32 + i = *f 
.\ a?2 - a? = I ± f = 12, or - 11 

whence, by the solution of the equations a?' — 2? = 12 and 
31^ — X =i -- 1 1, we obtain 

a? = 4 or — 3, and ^r . 

2 

(12) a?* + 4a?3 + 3ar2 + 4a? + 1 = 
Dividing by a?', the equation becomes 

a:* -I- 4x + 3 + ^ + ^a = 

M 
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or 



/ 1\2 1 

and observing that (a?H — ) = x^ -] — 2 + 2 



+ 1=0 



we obtain (a: -| — j + 4? f a: + -) 
which is in the form of a quadratic, and gives 

a:-l-- = — 2±V3 

X 

and multiplying by ar, a?* + 1 = (— 2 ± \/S) x 
a quadratic equation, from which we obtain 

— 2 ± v^S ± V(S ip 4 \/3) 

a? = — . 

2 

(13) .^(a + a?)2-5 ^(a2-.a?«)= — 4 ^(a-ar)^ 

or (a + ar)'-5 (a2-a^)*= - 4 (a-a?)* 
Divide by (a — a:) , then 

\a — a?y \o — a?/ 

/a + x\\ 5 3 

whence ( J = - ± - = 4, or 1 / 

\a — xj 2 2 

/. a + a? = 64? (a — a?), or a — ar 

J . 63a 

and . . a? = -t^t > or 0. 

bo 

/ a ^\| / a? \ ^_ / o: \| Zap + a \\ __ 

Va? + a/ Va? + a/ \a: + a/ \ ~) "" 
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by reduction and completing the square, 

f-^V - f-^-V + i = i 4. 6 - 25 

••■ C-T^)' = I =^ I = '• " - ^ 

and .*. = 27, or — 8 

a? -f a 

, 27a 8a 

whence x = -rr-- , or — — . 

26 ' 9 

EXAMPLES FOR PRACTICE. 

(1) a?*—8a?«=9, a?=±3, or ±s/ — \. 

\ I 

(2) a!2n_2^n__.3^ a;=:3", or (— !)«. 

» 2 

(3) a:»— 2aaj2— 5^=a . a?= |a± V'Ca^ + A^)!". 
(4.) a:+5=:\/(ar-l-5) + 6. ^=4, or-1. 

(5) a?-^ar-l=7. a' = 10, or 5. 

(6) «2-5ar-19=^(ar2-5a?+l). x=S. or -3. 

(7) a.=H^-. .^(ii^g^^ 

(8) __49 + ^=9+-. 

8 ~3±v/93 
a?=2, — -, or ^ . 

(9) -v/a?-l-2=V7T2^. . a!=9, or U 
(10) ar2=ar4-.2a: /(a?2- 1)+ 1. x= ± y^i^^ . 
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(11) «*-ar3+^-ar4-l=0 

4 



4 



(12) .+4+ |/f±| = i^ . x=±5. 

(13) ^(^o+/«)S+^(\/a-/«)« = 6^(«-4:), 



^^K3±^8)»-l|»^ 



l(3±l/8)» 



a a 

728 63 

2 2 1 

(15) (a^ + a:V= 6 (a* - a:*)^ + (a - a-)^. 

_ a\(l ±5)'"— 2"'|'-^ 
*— J(l ± sy + 2'"|2 • 

123. When there are more equations and unknown quan- 
tities than one, a single equation, involving only one of the 
unknown quantities, may sometimes be obtained by the 
methods employed in simple equations ; and one of the un- 
known quantities being discovered, the others may be 
obtained from the preceding equations, by substitution. 

(1) lOg + y ^ 3 ^^^ y-a:=2 

From the second equation, y = a: + 2 

from the first, 10a? -f y =r San/ 

and substituting in this, the above expression for y, we obtain 

10a? 4- a? -h 2 = 3a? (a? 4- 2) 
or 3a?2 — 5a? = 2 
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quadratic equation, which gives 

a? = 2, or -- J-, 
and y = a? 4- 2 = 4, or §. 

(2) ax-^ bi^ = c and exy z=f 



c -^ ax 



From the first equation, y = — j- 

and substituting this in the second, we have 

c - arc c hf 

ex — r — = /, or a?* a? = — — 

6 "^ a ae 

a quadratic equation, which gives 

whence ^ = oa "*" oU >/(^^«^ — ^abef). 

(3) o;^ -I- y2 _- a and xy z=i h 

or ar^ + y2 — a 1 
and 2a?y ^=z 2b J 

.'. by addition, «^ + 2ary -f- y^ = a -|- 26 
by subtraction, a?^ — 2xy -{- y^ = a — 2b 

and by evolution, a?4-y=:di V'(a + 26) ] 

and a: — y = ± \/(« ~- 26) J 
whence a? = ± Jfv^(« 4- 26) ± y^(a — 26)^, 
and y = ± i |^(a + 26) + ^(a - 26)^ 
(4?) 4?a?y = 96 — .r2y2 and x -{^ i/ = 6 

From the first equation, x^^ 4. 4?a:y = 96 
or a?^y2 ^ 4^,^ 4- 4? = 100 

whence a:y = 8, or — 12 

m2 
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Dow> squaring the second equation, 

and from above ^ay =32, or — 48 J 

/. by subtraction, ar^— 2a!;y + y*=4«, or 84 

and by evolution, a:— y=±2, or ±v'84 1 

also x-{-i/=6 j 

whence a?=4?, 2, 3±>/21, 
and y=2, 4, 34^/21; 

where it may be observed that x and y interchange values, 
that is, when ar=4, y=2, and when a?=2, y=4, &c., be- 
cause they are similarly involved in the given equations. 



(5) ;5-+ — = — ' *°^ a?-y=2 



or* 4^ _ 85 
i^ 7 """9 
From the first equation, 

. X 5 17 

..-==- or — 

y 3' 3 

• a:-^ or-^ 
• • * - 3 ' 3 ' 

the former of which gives y = a? — 2 = 3, 

5v 
and /. X = -^ = 5; 

3 \ 

and the latter y = a? — 2=— -j^, 

, . ny_J7 

and ,. a: = - — --. 



(6) ax -\- bi/ =zc and aa:^ 4- 6'y 



'•/2 ___ f. 
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c — ax 
From the first equation, y = — r — 

o 

and substituting this for y in the second equation, we have 

ax^^b \^ — j^ — J = c 

a quadratic equation, from which we obtain 

ab*c ± b s/ia'by — a'b'c'^ + a^l/c') 



X = 



a'62 + a%' 



c a cihc^as/(a'by-a!b'c^\a%'c) 
and y = - - -a. = ^^-^^ . 

(7) a:+y--^j^--^ and a:Hy^=41 

V(x-^y) x—y ^^ 

Multiplying the first equation by a:— y, we get 

which, solved as a quadratic, gives 

and .•. a?* — y2 _, 9^ or 4? ^ 
also a:2 4- y2 = 41 J 

whence, by addition and subtraction, 

2*2 = 50, or 45, and 2y^ = 32, or 37 

/45 y^Y 

and .'. 07= ±5, or ±-\/ — , and y=±4, or ±.\ / — 

(8) a:3-|-y3=a and a?+y=6 

Dividing the first equation by the second, x^ — xy-^y^ =^ - 

b 

and squaring the second, x^-^-^xy -f-y^= h^, 

A3 

.". by subtraction, ^xy = 6^ — = 
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63— a 



and .'. xy = 



Sb 



a h^ — a 40 — b^ 

hence a:« -. 2ary + y^ = ^ -^ 36 



/. a; - y = ± y 



and 



ib 
also a: + y = 6 

6 1 /4.a-63 6 _ 1 /4a— 63 

and /. ^=2-2\/^r;^'''^^"=2-^2V~3r- 

Or thus : 
Cubing the second equation, x^ + Sar^y + 3ary« 4-y^=*^ 

or a 4- 3ajy (ar + y) = 63 

63 - a 
whence xy = — -^ — 

and squaring the second equation, a?^+2a?y+y2 = 6* 

4 4a — 6' 

.-. by subtraction, a;2-.2a?y-i.y«=62— 3^(*^-«) = 3^ 

/4a — 63 
hence ar — y = ± a/ — ^- 

also a? + y = 6 

whence x and y, as before. 

(9) X \ y ^=^a and ar* -f y* = 6 

Since 7^ '\''i^ is not divisible by x-\'y^ without a re- 
mainder, raise the first equation to the fourth power, then 

ar* + 4a?3y + 6ar^* + 4ar3/ 3 + y4 = a* 

subtract the second, ar*+y* 

and there results 4a?3y 4- ^^'^ 4- 4a^3 = a* — 6 



=aM 
=6 ] 
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now, dividing by ary, 4a:* + 6a?y+4'y*== 

and observing that 4 (a? + y)^ = 4«^ + Sxy + ^y^ = 4a^ 

o a* — ft 
we have, by subtraction, ^xy = 4o* — 

6 — a* 
or a?^2 __ 2a^xy = 

an equation which, solved as a quadratic, gives 

xy =a2 ± 4 / — rr — = w, suppose, and .'. ar = 

and substituting this expression for x in the first equation, 
we obtain 

-- + y = a, or y^ — ay =z -^m 

if 

a quadratic equation, which gives 

and a:=«-y=2-H^^---H^-^j. 

When the unknown quantities are similarly involved, the 
sum and difference of two others may be substituted for 
them. If this artifice be employed in the above example, 
and we assume x^^v \^z and y^zv^z^ we shall have 

a?4 = 17* + ^ivH -f ^vH"^ + ^vz^ + «* 

y* = i;* — ^H 4- ^vH'^ — 4r2?3 -f 2r* 

/. by addition, a?* -f y* = 2^4 + 12i7«z2 _j_ g^?* = 6 

b 
or «* 4- 6t7V-^ = - — v* 
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whence z = ± y^f- 3t»« ± \/ (| + S**)} 
and .'. x=v± >y/[ - 3^ ± -y/ (| -I- 8«^)} 

and y = r + -y/f- 3«' + |/ (I + 8r«) j 

1 . a 

or, substituting for v its value 3 (« + y)» o' 2 ' 

and y = 2^ V l"T - V -2-;- 



(10) «^ + ay = a 1 

and y'^ ^ x^ =:b J 
By addition, a?^ + 2a:y -|- y^ = a -|- ft 

.-. a? +'y = ± \/(« + *) 

a o, 

hence x = = ± • ,, . r: > 

and y = — : = ± ~~77Z \ IT' 

a? -f y \/(« + ft) 

Or thus : 
Assuming y = vxy and dividing the first equation by the 

second, 

ar« 4. ra?* a 1 + » _ « 

' — ~ Qj» : . ::^ — 

t;«a:* + i?a;« ft' t7(l + t?) ft 

.*. 17 = - and w = - a? 
a "^ a 

ft o ^ 

whence ar^^.^ja.-^^ ora: = ± 



a /(o + ft) 
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b 
and y = —a? = ± 



Via + b) ' 

The artifice employed in the second solution of this 
example, that is, of assuming one of the unknown quantities 
equal to the product of the other and a third unknown 
quantity, is frequently applied when the sum of the dimen- 
sions of the unknown quantities, in every term of each 
equation, is the same. 

(11) xz=zt/^y a?4-y + z=21, and a!^-\-i/^-\-z^=lS9 
From the first and third equations, afi-^-z^ f 2ar2J=189+y* 
/. X ^ z = ± /(189 + y2^ = 21 — y 
/. 189 + y^ = 4?4?1 — 42y + y* 

/. y = 6 
/. from the third equation, a^ ^ z^ z= 189 — y^ «. 253 
and from the first, 2xz = 72 
/. by subtraction ar» — 2ar2f + 2?* = 81 
.'. X — z = ± 9 ^ 

also ar -I- 2f = 21 — y = 15 j 
whence a? = 12 or 3, and z = 3 or 12. 

Hence the corresponding values of x, y, z are 12, 6, S or 
3, 6, 12, X and z being similarly involved in each of the 
given equations. 

EXAMPLES FOR PRACTICE. 

(1) a? — y = 6, a? = 9, or — 3, 

a!y = 27. y = 3, or — 9. 

(2) a: + y = a, x = ^ {a ± ^{a^ - 46)|, 

xy =: b. y = J Ja zp A/(cfl — ^b)\. 



] 
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(3) ar« + y2 = 34, a? = 5, or — 3, 

a: — y = 2. y = 3, or — 5. 

(4) a:* + y^ = a. a: = i (6 ± ^^S^TT^). 

(5) -^ 4- - = 8, ^ = ?» or 2. 

7x5^ =6. y = 3, or f . 

a* = 15, or 16, 



(6) ^ + y = 8. 





X 


+ 1 


20 


(7) 


1 


+ 1 = 

y 


w, 




1 

3^' 


1 


n^ 


(8) 


.* 


+ »' = 


= 4, 




«^ 


*,'■■ 


= 28. 



y z=z 5, or 4. 



a? = 



m ±: >v/C2»^ - »»*)' 



y — ^ -r v^(2n2 _ ,„a) • 



m 



ar = 9, or 1, 

y = 1, or 9. 

(9) a?V 4- ar/ = 180, ar = 5, or 4, 

x^ J^ y^ = 189. j^ = 4, or 5. 



(10) ar — j( = 2, 



a: = 5, or — 3, 



a.3— 2/3 -- 98. y = 3, or — 5. 

(11) a? + y = 5, a? = 2, 3, i(5 ± V"- 51), 
ar4 4 y = 97. ^ = 3, 2, i (5 + v/- 51). 

(12) X -{- f/ = 5, a? = 1, 4, i (5 ± V"— 59), 
ar» 4- y» = 1025. y = 4, 1, i (5 + V" — 59). 
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X = 


±6, 


± 


1 
^2 ' 


' 


y = 


±5, 


± 


11 


a"~ 


=4-, 2, - 


-4.±2 


V 


-14 




3 


9 



(13) a!2 - a?y =: 6, 

a:« + j^a = 61. 

f 

^ '^ 10 3 ' 

(15) a:+y+^(a:+y)=6, a:=3, 1, ?*^^Z^ , 

«»+y*=ia y=l, 3. ^"^^"^^ . 

2 

(16) «« + y« = 2«(« + y), 

ay = aft. 

a:=i |o±v'a« + 2a6±\/(a±v'oi":fr2^)2_4a6j, 
y=i ^a±Va«+2ai+V^(«±v'^q:^jiri^^ . 

(17) « + y + v^(a3^) = 19, a: = 9, or 4, 

«* + y* + ay = 133. y = 4, or 9. 

(18) «V + 6ary = 16, a:= 1, _ 2, :ii*-VLzii 

2 * 



Vh^W^V y=2. -l.L±y. 



- 31 



(19) ar«=y« 

a; + y + « = 14, 
«* + y» + «« = 84. 



a? 


= 


8, 


or 


2. 


y 


= 


4, 






z 


=::: 


2, 


or 


8. 



134 ALGEBRA, 

PROBLEMS. 
124. The solution of problems, by means of Algebra, is 
effected by expressing in algebraical language the quantities 
which they involve, together with the conditions to which 
they are subject, and reducing them, in conformity with 
such conditions, to an equation, ar equations, the solution of 
which will give the qucesitOy or things sought or required to 
be determined, in terms of the clata, or things given. 

EXAMPLES. 

(1) Divide £128 among three persons, so that the first 
may have three times as much as the second, and the third 
one-third as much as the first and second together. 

Let X = the share of the second, 
then 3a? = ... first, 

4jj 
and -— = third; 

and since 128 = the whole sum, . 

4!X 
a? + 3ar + — = 128 
3 

4.C 
whence x = 24, and /• 3a? = 72, and — = 32. 

3 

(2) A person distributed p shillings among n persons, 
giving 9 pence to some, and 15 pence to the rest. How 
many of e^ch were there ? 
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Let X =z the number that received 15^. 

Clieil W "^ * •— — ••• ••• ••• ••• ••• %HM* 

/. 15a: 4- 9 (n — a?) = 12p 

4p — S» , . Sn— 4p 

wheDce x = -^ — 3 > ana . . « — a? = — ^ — ^ . 

(3) ^4, who travels 6^ miles an hour, starts 2^ hours be- 
fore JBf who travels the same road at the rate of 9 miles an 
hour. How long will A travel before he is overtaken 

by B? 

Let X be the required time, in hours, 

13« 
then —^ will be the distance A travels; 

and by the question, 

whence a: = 9 hours, 

(4«) At the review of an army, the troops were drawn up 
in a solid mass, 40 deep ; when there were just one- fourth as 
many men in front as there were spectators. Had the depth, 
however, been increased by 5, and the spectators drawn up 
in the mass with the army, the number of men in front 
would have been 100 fewer than before. Determine the 
number of men of which the army consisted. 

Let X = the number in front, 

then 40a; = in the mass, 

and 4<r =r of spectators. 

Hence the whole number present was 44ar; and by the 

question, 

(a? — 100) 45 = 44a? 

•*. a: = 4500 men, 

and 40a; = 180000, the number required. 
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(5) A entered into a canal speculation with fourteen 
others, and the profits amounted in all to £595 more than 
five times the original price of a share. Seven of his 
partners in this affair joined him in a scheme for navigating 
the said canals with steam-boats, each venturing a sum of 
money less than his former gains by £173. But the steam- 
boats blowing up, A found he had lost £419 by them, for 
the company not only never recovered the money advanced, 
but lost all they had gained by digging the canals, and £368 
besides. What were the prices of shares in the two concerns 
originally ? 

Let X = the price of a share in the canal speculation^ 

then the profits =r 5a? -f- 595£ 

. 5aj + 595 X + 119 
.'. the gam of each = — = 

Again, each ventured on the steam-boats 

« + 119 ,>,^ a; -400 
8 3 

8ar — 3200 



the total advance =: 



3 



8a? - 3200 , 8ar -|- 952 , ^^^ 
and the total loss = ^ ^ h 368 

16a?- 1144 
~" 3 

.*. A% loss = = 419, by the question, 

3 

whence a? = 700£ 

and .'. the price of a share in the steam-boat speculation was 

^-^OQ = 100£. 
3 
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(6) A certain number consisting of two digits is equal to 
four times the sum of those digits; and if 12 be subtracted 
from twice the number, the digits will be inverted. What 
is the number ? 

Let X and y be the digits of tens and units respectively ; 
then lOa? -f y = the number itself, 

and by the question, 10a? 4. y = 4> (a? + y) 1 
and 2(10a?+y)— 12 = lOy + a? J 
whence x •= ^ and y = 8. 
.*. the number is 4<8. 

(7) A person bought some wine for £60, and if he had 
bought 3 dozen more for the same sum, he would have paid 
£1 less per dozen. How many dozen did he buy? 

Let X = the number required, 
then — = the price per dozen, 

X 

fin 
and " ■ =5 the price per dozen on the second supposition ; 

and by the question, — — -- = 1, 

X "J" 25 X 

a quadratic equation, which gives 
X = 12, or — 15. 

Of these values of x the former alone can fulfil the condi- 
tions of the problem, for there is no such abstract number as 

— 15, (Art 5): but if in the equation = 1, the 

X "j~ o X 

negative sign be affixed to x, to denote diminution of stock 

instead of increase, the result will be 15 or — 12, 15 alone 

answering the reversed conditions of the problem, which may 

be stated thus : 

n2 
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A person sold some wine for £60, and if he had sold 
three dozen less for the same sum, he would have received 
£1 more per dozen. How many dozen did he sell? 

(8) Of two numbers one is equal to the square root of 16 
times the other, and the sum of their squares is 225. Re- 
quired the numbers. 

Let X = the second number, 

then v' (16ar) = the first ; 

and by the question, a;' + 16a: = 225, 

whence a? = 9, or — 25 ; 

but as the latter value of x makes the first number an 
imaginary quantity, 9 alone answers the conditions of the 
problem, and therefore the numbers are 9 and 12. 

(9) A body of men were formed into a hollow square, 
3 deep, when it was observed that with the addition of 25 to 
their number, a solid square might be formed, of which the 
number of men in each side would be greater by 22 than the 
square root of the number of men in each side of the hollow 
square. Required the number of men in the hollow square. 

Let a;=the number of men on one side of the hollow square, 
then a?^ — (ar — 6)^=: the whole number of men, 

and ar2^(a?— 6)^ + 25= (ar^ + 22)2 

or a?— 4a7*=4'5 

whence a?^=::9, or —5 

and .*. a?=81, or 25, 

the latter of which is introduced by involution, 

.'. the whole number of men = 936. 
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(10) The fore- wheel of a carriage makes 6 revolutions 
more than the hind- wheel in going 120 yards; but if the cir- 
cumference of each wheel be increased by one yard, it will 
make only four revolutions more than the hind-wheel in 
going that distance. Required the circumference of each. 

Let X = the number of yards in the circumference of the 
larger, and y = the number in the circumference of the 

smaller ; 

120 120 ^ 

then = 6 

X y 

whence «y = 20ar — 2Qy 

, 120 120 

and = — 4 

a? -I- 1 y + 1 

whence xy = 29a? — Sly — 1 also, 

/. 29x —Sly — l=z20x — 20y 

and :r= "V^ 

9 

, . . lly* + y 220y -f- 20 

/. by substitution, \ = — -^—^ - 20y 

y y 

whence y = 4, or — -- : 
^ 11 

and therefore the number of yards in the circumference of 

lly + 1 
the smaller is 4, and of the larger is —^ = 5. 



EXAMPLES FOR PRACTICE. 

(1) How many trees are there in an orchard containing 
|th pear trees, fths apple trees, and 26 trees of other kinds? 

Ans. 70. 

(2) A and JB start in trade with equal sums of money ; 

A gains £126, and JB loses £87, and now As money is 
twice jB*s. What sum had each at first ? Ans. £300. 
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(3) A and C can mow a field in m days, B and C inn 
days ; in what time can the three do it together, supposing 
that A can mow r times as much as ^ in the same time ? 

. rn—m , 
Atis, — days, 

(4) A garrison was victualled for SO days ; after 10 days 
it was reinforced by 3000 men, and then their provisions 
were exhausted in 5 days. Required the original number of 
the garrison. Ans, 1000. 

(5) A sets out from Cambridge to London (52-^ miles) at 
the rate of 8 miles an hour, and B sets out at the same time 
from London to Cambridge at the rate of 9^ miles an hour ; 
at what distance from Cambridge will they meet ? 

Ans, 24 miles. 

(6) Two couriers pass through a place at an interval of 
4 hours, travelling at the rates of 11^ and 17^ miles per 
hour ; how far will the first travel before he is overtaken by 
the second ? Ans. 1 34^ miles. 

(7) The garrison of a certain town consists of 1250 
men, partly infantry and partly cavalry. Each horse-soldier 
receives £& per month, and each foot-soldier £3. If the 
monthly pay of the garrison amount to £4150, how many 
horse and how many foot-soldiers does it contain ? 

Ans, 200 cavalry, and 1050 infantry. 

(8) Find a number consisting of two digits, such, that 
when it is divided by the difference of its digits, the quotient 
is 21 ; and when it is divided by the sum of its digits, and 
the quotient increased by 17> the digits are inverted. 

Ans. 42. 
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(9) A detachment was marching in regular column with 
5 men more in depth than in front; but upon the enemy 
coming in sight, the front was increased by 845 men ; and by 
this movement the detachment was drawn up in 5 lines. 
Required the number of men. Ans, 4550. 

(10) What two numbers are those, the difference of 
which multiplied by the greater produces 40, and by the less 
15? Ans. 8 and 3. 

(11) Find two numbers, the sum of which is 15, and the 
sum of their squares ll3. Ans. 7 and 8. 

(12) A and JB can do a piece of work in m days, A and 
C in n days, B and C in r days : what portion of the work 
can each do in a day ? 

Ans, The portions which A, JB, and C respectively can 

, , , , , nr-\'mr'^fnn nr — mr-^'inn 
do m a day, are represented by ^ , ^ » 

, mr-^nr-^mn 

and — . 

2mnr 

INEQUALITIES. 

125. An Inegualitt/ is an expression consisting of two 
members, with the sign > or < between them. 

1 26. Both members of an inequality may be increased or 
diminished by any quantity, multiplied or divided by any 
quantity which does not change their signs, raised to' any 
power, or any root of each extracted, and the same kind of 
inequality will evidently still subsist. (Art. 40.) 

127. But if a factor be introduced which changes the 
sign of each member, the inequality will be reversed ; for, if 
A>jBf then, by transposition, — B> —A, or — A <—JB. 
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EXAMPLES. 



(1) To find whether one fraction — be > , =, or < 

another — . 
a 

Reducing them to the same denominator, they become 

nd , he 

id """^ bd' 

whence it is obvious that - is > , =, or < - 

o a 

according as oc/ is > , = , or <bc, 

(2) If r be any fraction whatever, then will -=■ -\ — be 
^ ^ b b a 

greater than 2. 

For since (a — 6)^ is necessarily a positive quantity, 
whether a be greater or less than 6, 

a2— 2ab + b'^ is >0 

and .'.by adding 2ab to both sides, we have 

a2 + 62.>2aft 

a^ 4- 6^ a b ,^ _ 

whence j — or r- + - is > 2 : 

ao o a 

that is, the sum of any qttantUyy except unity and its recipro- 
cal, w > 2. 

EXAMPLES FOR PRACTICE. 

(1) Which is the greater, v/2-l--/7 or v 3 + \/5? 

Ans. \/2 + \/7. 

(2) Which is the greater, or -5-^^^^^ — s ? 

^ ^ a ^ X a^ ■\- x^ 

]Ans. a7^a • 
a* + x^ 
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_ r 1 1 

(3) Which is the greater, — 4 — 3 or ^ H — ? 

Am, To +— -• 



a« 



RATIOS. 

128. JRatio is the relation which one quantity bears to 
another, with respect to magnitude, the comparison being 
made by considering what multiple, part or parts, one is of 
the other. 

129. The quantities to be compared must evidently be of 
the same kind ; for although we can compare the abstract 
numbers 3 and 9, yet no comparison can exist between 
3 pounds and 9 yards. 

They must also be referred to the same unit; thus, in 
order to consider what part 5s, is of £3, we reduce these 
quantities to the same denomination, as 5s, and 60s. or £^ 
and £3. 

130. If a and b be two magnitudes, their ratio will be re- 

a 
presented by the fraction ^ ; it is also written thus, a : b, 

and read thus, a to- 6; and the former term is called the 
antecedent of the ratio, and the latter the consequent, 

131. If the terms of a ratio be multiplied or divided by 
the same quantity , the ratio is not altered, 

— a ma , . ^ v 

For ^= — (Art 68), or a : 6 = ma : mb. 

132. A ratio is said to be a ratio of greater or less 
inequality^ according as the antecedent is greater or less than 
the consequent. 
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13^, A ratio of greater inequality is diminished^ and of 
less ineqtuility increased^ by adding any quantity to bath its 

terms. 

a 
Let X be added to the terms of the ratio -=- ; 

b 

1 .11 ^ 1 CL \- X 

then will T be > or < , -. 

b b ■\. X 

ab -{■ ax . aft + bx 

according as — ^— — . is > or < ^n ; 

° b{b ^x) bifi-^x) 

or as ax IS > ox < bx 

or as a is > or > ft ; 

a 
that is, according as the original ratio - is one of greater or 

less inequality. 

1S4«. Hence, conversely, a ratio of greater inequality is 
increased, and of less inequality diminished, by subtracting 
from its terms a quantity less than either of them, 

135. If the antecedents of any ratios be multiplied to- 
gether, and also the consequents, the resulting ratio is called 
their sum, or the ratio compounded of them. 

ThuS; the ratio j-r?--- is the sum of the ratios —, — , ^r, 

baj ... o a J 

&c. 

a 

136. When the ratio j- is compounded with itself any 

a^ d^ 
number of times, the resulting ratio t-, ~ , &c. is called the 

duplicate^ triplicate, &c. ratio of a : ft, or its double^ treble, 
&c. ratio. 

\ \ 
a a 

Also, the ratios — , — , &c. are termed the sub<luplicate, 

ft* ft* 
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mb'triplicate^ &c. ratios of a : 6, or the hcUf^ thirds &c. ratios 
of a : b. 

The indices, shewing what multiple or part of the simple 
ratio is taken, are called the measures of the ratios. 

137- -9* ^^ consequent of the preceding ratio be the ante' 
cedent of the succeeding one, and any number of such ratios be 
takeUf the ratio which results from their composition, is that of 
the first antecedent to the last consequent. 

Let a : by b : c, c : d he the ratios, the compound ratio is 
abc : bed, or, dividing hj be, a: d. 

138. A ratio of greater inequality, compounded with another, 
increases it; and a ratio of less inequality diminishes it. 

For, let the ratio xiyhe compounded with the ratio a\b\ 

then, the resulting ratio oar : ^y is > or < a : 6, according 

ax a 

as 7— is > or < ■=-, that is, according as a? is > or < v. 

PROPORTION. 

139. Proportion consists in the equality of ratios. Thus, 

a c 
if r =-%> the four quantities a, b, c, d constitute a propor- 
tion, and are called proportionals, the first being the same 
multiple, part or parts, of the second, that the third is of the 
fourth. 

This proportion is also written thus, a : b = c : d, but 
commonly thus, a : b :: c : d, and read thus, the ratio' of a 
to b is equal to that of c to d^ or thus, a is to 6 as c to c?. 

The terms a and d are called the extremes, and b and c the 
means. 
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140. When four quantities are proportionals, the product 
of the extremes is equal to the product of the means. 

For if - = - , we have, by multiplying both by bd, 
ad = be, 

14*1. If a : b :: b : c, in which case the three quantities a, 
by c, are said to be in continued proportion, and b a mean prO' 
portional between a and c ; then ac = 6*, or the product of 
the extremes = the sqtiare of the mean. 

1 42. If the product of tu)o quantities be equal to the product 

of two othersy the four are proportionals, making the terms qf 

one product the means, and the terms of the other the extremes, 

a c 
For, if cui z= be, then, dividing by bd, j- = ^i > 

or a : b :: c : d. 

143. Any three terms of a proportion being given the 

fourth may be determined from the equation ad = be; thus, 

be . ad ad . . be 

a ss — -, 0==— , c = -J- and a = — . 
a c • a 

144. By means of the fractions which represent the pro- 
portion a\b \\ c\ d,i\, will be easy to shew that various other 
arrangements and modifications of its terms may be made, in 
which proportionality will still be preserved. Of these the 
following are the most useful. 

\f a\b w c \ d, then 

(l) a\c\\b\d {AJUernando) 

^ , a c ^ a b c b ah 

For, since 7 = ~, . . -^ X - = - X -, or - = -,, 
o d o c a c c d 

that is, a : c \\ b \ d. 
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(2) b : and: c (Invertendo) 

For, since x=j' .•l-ri=l-^j,or-=- 
b ' d b d a c 

that is, 6: a:: rf : c. 

(3) a + 6 : ^ : : c 4. rf : rf (Componendo) 

For,s.nce^=^, .-. - + 1 = - + 1. or-^ = "rf- ' 
that is, a + b : b :: c -{' d : d. 

(4) a — 6 : 6 :: c — rf : c? (Dividendo) 

For, since ^ = ^ , . . ^ - 1 = _ - 1, or -^ = -^ , 

that is, a — b :b :: c — d : d. 

(5) a+6 : a— 5 :: c-\-d : c—d {Componendo ^ Dividendo j 

a + ^ c + ^ 



For, compoDendo, 



and divideDdo, 



6 ~ rf ' 
a — & c -- d 



b ^ d ' 
,', by dividing the former of these by the latter, we have 
a + b c -\- d 



a — b c — d 



,or a •{- b : a ^ b :: c -{- d : c •— d. 



(6) a — b : a :: c — d: c {Convertendo) 

For, invertendo, 

b d ., b , d a ^ b c -^ d 

-=:-, /.I = 1 , or = , 

a, c a c a c 

that is, a — 6 : a : : c — die, 

Obs, The foregoing results are frequently referred to in 
geometrical treatises in the terms annexed to them. 
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(7) nui : mh :: nc : nd 

X7 . a c , ma nt 

For, since j-^-j, ..-— = --, 
o a mo nd 

or ma : mb ::nc : nd. 

(8) ma : nb :: me : nd 

— a m c m ma i 

For, -X — = -X-, or— 7 = 
D n a n nb 

that is, ma : nb :: mc : nd. 



(9) a* : ft" ::<?"•: cP* 

For, since ^ = ^, •'6==^' 

or a* : 6* : : c* : cP", 

145- If besides the proportion a : b :: e : d^ we have se- 
veral others, as €^ : V :: c : d^ a" : b" :: c : d\ &c. then 

aa'a* ... : bb'b" ... :: cc'c" ... : dd'4'' ... 

^ a c d d a° <? ^ 

For, since g=-, ^. = ^, ^ = ^y , &c. 

we have, by multiplying together the corresponding members 
of these equations, 

TUT? — = 3jr3ii — .ozaaa ... : do6 ...:: ccc ... idad ... 
bob ... oa a ... 

l^S. If a : 6 :: : £? and <; : cf :: ^ :^ then a i b i: e :/• 

r?oc.ce^ae 

For - = ^ , and ^ = - , .*. t = y;* or a : 6 :: « :/. 

147. U a : b :: c : d 

and 6 : « ::rf :/, 
then a : e :: c i/l 
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ror, since t — -;> aiid - = -, ..- ><- = 3X--«, 
o a ^ J o e a J 

a c 
and .*. — = — , 

or a : e \\ c \f. 

148. If a : 6 :: c : rf :: 6 :/ &c. 

then a:h:: a + c + «...: 6 + d ■\ f ... 
For, ad=zbc, af=:be (Art. 146), &c., also a6=^a; 

/. by addition, a(b + rf +/...) = 6 (a + c + c ..,) 

whence, by Art. 142, a : b :: a -\- c -{- e ... : b + d +/... 

149. Geometrical Definition of Proportion, (Euclid, book v. 
def. 5). The first of four magnitudes is said to have the same 
ratio to the second which the third has to the fourth, when 
any equimultiples whatsoever of the first and third being 
taken, and any equimultiples whatsover of the second and 
fourth ; if the multiple of the first, be less than that of the 
second, the multiple of the third is also less than that of the 
fourth ; or if the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the 
fourth ; or, if the multiple of the first be greater than that of 
the second, the multiple of the third is also greater than that 
of the fourth. 

1 50. If quantities be proportional according to the algebraic 
cal definition, they are proportional according to the geometrical 
definition. 

Let a, b, c, and d be proportional according to the alge- 

a c 

braical definition, then r = ^> (Art. 139), 

, ma mc , ,^. _ . 

o2 
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therefore 



-T-will be ^,=, or > 1, according as —3 is <, =, or > 1: 
no na 

and /., if ma < nft, 
then mc < nd\ 
or, if ma -=. nb^ 
then mc rzzndx 

or, if fTMZ > ii5, ' 

then mc > ndi 

and the quantities a, 6, c, rf are therefore proportional accord- 
ing to the geometrical definition. 

EXAMPLES. 

( 1 ) What number must be added to a, and subtracted from 
6, that the sum may be to the difference as m : n ? 

Let X be the required number ; 
a -{- X m 



then, 



whence x = 



6 — X ft 
hm ^ an 



m -{- n 

(2) Find two numbers, the greater of whicli shall be to 
the less as their sum to 42, and as their difference to 6. 

Let X be the greater, and y the less ; 
then, a: : y :: a? + y : 4?2 
and a? : y : : a? — y : 6 
••• (Art. 146) a? + y : 42 :: a: — y : 6 
.'. altdo-, a? + y : a? — y :: 42 : 6 or :: 7 : 1 

•'. compdo- & divdo- 2a: : 2y :: 8 : 6 
or a? :y :: 4 : 3 
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.. «_- 

and 4 : 3 :: ^ : 6 
whence y = 24, and .'• a? = —^ = S2. 

o 

(3) A waterman rows a given distance a, and back again 
in b hours ; and finds that he can row c miles with the tide 
for d miles against it ; required the rate of the tide, and the 
times of rowing down and up the stream, respectively. 

Let X = the number of hours he rows with the tide ; 
then will 6 — a; = the time he rows against it ; 

also - = rate per hour with the tide, 

X 

« 

and -; ^ = . . , against it 

— X ° 

a a 

:: c : d,hy the question ; 



• • 



X ' b -- X 



bd . ^ be 

whence x = -^ and .'. 6— a:= 



c ■{- d c -^ d' 

. , a bd o, (c ^ d) ^, ^ , 

Also - -=2 a -T- = = — ^^ — - — - = the rate down the 

X c •{. d bd 

stream = the rate of rowing -)- the rate of the tide; and 

a a (c -I- d) 

=: ^ , — ' = rate up the stream = the rate of 

b — X be 

rowing — the rate of the tide ; 

whence ."T — ^-^ = twice the rate of the tide ; 

bd be 

a (c^ d^) 

and /, the rate of the tide == — V^^-^ — - • 
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EXAMPLES FOR PRACTICE. 

(1) Divide the number 60 into two parts, such that their 

product shall be to their sum as 40 to 3. 

Ans. 40 and 20. 

(2) What number must be subtracted from a and 6 that 
the differences may have the ratio of m ; n ? 

Ans, 



n — nt 

(3) What two numbers are those of which the difference, 
sum and product are as the numbers % 3 and 5, respectively? 

Ans, 10 and 2. 

(4) A packet, sailing from Dover with a fair wind, ar- 
rives at Calais in two hours ; and on its return, the wind be- 
ing contrary, it sails six miles an hour slower than it went. 
Now, when it is half-way over, the wind changing, it sails two 
miles an hour faster, and reaches Dover sooner than it would 
have done, had the wind not changed, in the proportion of 
6 : 7. Required the rates of sailing, and the distance between 
Dover and Calais. 

Ans, The distance is 22 miles ; and the rates of sailing 
are 11, 5 and 7 miles an hour. 

VARIATION. 

151. When two quantities are so mutually dependent, 
that any change in the one is attended with a proportional 
change in the other, they are said to vary, the one as the 
other. 

152. One quantity is said to vary directly as another, 
when if one be increased or diminished the other is increased 
or diminished in the same proportion. 
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Thus, if a man travel a given time, the aistance he travels 
is increased as his speed is increased. 

Let S and D respectively represent the original speed and 
distance, and s and d the altered speed and distance ; 

then S : s :: D : d, 

153. One quantity is said to vart/ inversely as another, 
when if one be increased the other is diminished, and if one 
be diminished the other is increased, always in the same 
proportion. 

Thus, if a man travel a given distance, the time he is tra- 
velling is diminished as his speed is increased, and vice versd. 

Let S represent the speed as before, and T the original 
time, and s and t the altered speed and time respectively ; 

then S : s :: 7=,: -; 

whence it appears that a quantity which varies inversely ai% 
another, varies as the reciprocal of the other. 
From this proportion we obtain 

aS':*:: ^: T. 

154}. A quantity is said to vary as others jointly , when it 

varies as their product. 

Thus, if D varies as TS^ it is said to vary as T and S 

jointly, and 

D:d\: TS:ts. 

155. Variation is expressed by the sign a placed between 
the quantities so related ; thus 

AoL B signifies that A varies as B directly, 

Ace -^ signifies that A varies inversely as B^ 

and A(x. BC signifies that A varies jointly as B and C. 
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Also, AfX -^ signifies that A varies directly as B and in- 

versely as C; in which case, if A be changed to a, whilst B 
is changed to h and C to c, then will 

C C 

156. FP%6n the increase or decrease of one quantiit/ depends 

upon the increase or decrease of two others^ and it appears 

that when either of these two qtuzntities is constant, or invari' 

able, ikejirsi varies as the other, then, when they both vary, the 

first varies as their product. 

Thus, if V be the velocity of a body moving uniformly, 
T the time of motion, and aS^ the space described ; if 7^ be 
constant Sec F, if Fbe constant So: T, but if neither be 
constant, then S ol TV, 

Let s, V, t be any other velocity, space, and time; and s' be 
the space described with the velocity v in the time T; then 

S : s :: V : v, {T being the same in both cases,) 
s : s :: T : t, (y being the same in both ;) 

/. S :s :: TVitv, 

and .-. Sac TV. 



ARITHMETICAL PROGRESSION. 

157. Quantities are said to be in Arithmetical Progression, 
when they increase or decrease by a common difference. 

Thus 1, 4, 7, 10, &c.; a, a+d, a + 2d, a+ Sd, &c.; 
a, a^d, a^2d, a — Sd, &c. are in arithmetical progression. 
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158. In the general series a, a -^ d, a + 2rf, &c. the n*^ 
or general term will evidently be a + (n — l)c?, since the 
coefficient of d in every term is one less than the number 
which denotes the place of the term in the series. 

159. To find the sum of a series of quantities in arith' 
metical progression. 

Let a be the first term, d the common difference, n the 
number of terms, and s the sum of the series ; then, 

, = a + (a + rf) + (a + 2^) + 

+ |« + (« - 2) c/| + |a + (» - 1) dl 

= ^a +(« - 1) c?| + |« + (« - 2) rf^ + 

+ (« + 2c?) + (a + d) + o 

and, by adding together the corresponding terms, we have 

2«= j2a+(«— l)rf| + I2a+{n—l)dl +&c. to n terms 

and .'. «s=^ |2a + («-l)c?| 

n 
=s - (a + /), if we put / for the last term. 

It 

Hence, the sum of a series of quantities in arithmetical 
progression is found by multiplying the sum of the first and 
last terms by half the number of terms. 

160. By means of the equations / = a + (w — l)rf and 

* = - j2a+(« — 1) cfj, any three of the quantities Sy a, n, rf, / 
/t 

being given, the two others may be found. 

If d be negative, or the series a decreasing one, these 

equations will become 

/=a-(»".l)rf and *=:| |2a-(»- l)rfj. 
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EXAMPLES. 

(1) Find the n^^ term and the sum of n terms of the 
series of odd numbers, 1, 3, 5, 7i &c. 

Generally, / = a + (« — l)rf, and « = - J2a +(»— 1)^|; 

here a = 1, and £? = 2 ; whence, by substitution, 
/= 1 + (»— 1)2 = 2»— 1, 

and « == ? |2 + (n — 1) 2] = «^ 

(2) Find the ;i^ term and the sum of n terms of the 
series of even numbers, 2, 4, 6, 8, &c. 

Here a = 2 and c/ = 2, 
/. / = 2 + (w— 1)2 = 2w, 

and « = ^ |4 + (« — 1) 2| = n (» + 1). 

(3) Required the 7*^ term, and the sum of 7 terms of the 
series 11, 8, 5, &c. 

Here a = 11, « = 7, and rf = — 3 
/. / = — 7, and « = 14. 

(4«) If the first term of an arithmetical progression be 2, 
and the sum of 8 terms 100, what is the common difference? 

n 
Since « = - J2a + (w — 1) rf| 

2a + (n-. l)rf = ~ 



«(»-!) w - 1 n (« - 1)* 
In the case proposed, * = 100, a = 2, and n = 8 ; 
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. - 200-32 „ 
••''=— 56 3- 

Hence, the series is 2, 5, 8, 11, 15, 18, 21, 24. 

(5) If the sum of 9 terms of an arithmetical progression 
be 171, and the common difference 4, what is the first term? 

Since « = 5 J2a + (» - 1) ^l 

8 (n - 1) rf 

a = — — -^ — : 

n 2 .' 

and substituting 171 for «, 9 for n, and 4 for dy 

171 32 ^ 

a = — — ;r = 3. 

9 2 

Whence, the series is 3, 7, 11, 15, 19, 23, 27, 31, 35, 39. 



EXAMPLES FOR PRACTICE. 

(1) Find the sum of 12 terms of the series 8, 15, 22, &c. 

Ans. 558. 

(2) Required the 7*^ term, and the sum of 7 terms of the 
series ^, J, ^, &c. Ans. — ^, and 0. 

(3) Required the number of terms and the common dif- 
ference, when the sum is 2.748, the first term .034, and the 
last term .0576. Ans. 60, and .0004. 

(4) What number of terras of the series 54, 51, 48, &c. 
must be taken to make their sum 513? Ans, 18 or 19. 

(5) The number of deaths in abesieged garrison amounted 
to 6 daily ; and, allowing for this diminution, their stock of 
provisions was sufficient to last 8 days. But, on the evening 
of the 6th day, 100 men were killed in a sally, and after- 
wards the mortality increased to 10 daily. Supposing the 
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stock of provisions unconsumed at the end of the 6th day 
sufficient to support 6 men for 61 days; it is required to find 
how long it would support the garrison, and the number of 
men alive when the provisions were exhausted. 

Ans, 6 days, and 26 men. 

161. To insert any number of arithmetical means between 
any two given quantities. 

Let a and I be the two given quantities, and m the 
number of means required to be inserted between them; 
then, since the number of terms = m + 2> ^e shall have 

/—a 

/ = a + (wi -I- 1) cf, and /, d = — ^-^ : 

whence the series will be 

I — a I — a I — «, 

a, a + — — r , o + 2 - . , , &c. a + m , /; 

ma ■\- I (m — \) a \-2l _ a ^ ml _ 

or a, -, \ , &c. — , /. 

'm-fl w+1 * m ■\-\ 

Ex. Insert three arithmetic means between 117 and 477. 

/ = a + (m + 1) d 

or 477 = 117 + 4e/, and .'. d = 90; 

whence the series is 117, 207, 297, 387, 477. 

The same might be obtained by substituting for a, m, and 
/, their values, in the general series. 

EXAMPLES FOR PRACTICE. 

(1) Insert 4 arithmetic means between 193 and 443. 

Ans. The means are 243, 293, 343, 393. 

(2) Find 2 arithmetic means between — 3 and 3. 

Ans, — 1 and 1. 
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(3) Insert 9 arithmetic means between 1 and — 1. 

Ans. I I hh 0, -J, -|, -3, -J. 

162. Any two terms arid their places being given, to deter' 
mine the series. 

Let P and Q represent the p^ and q^^ terms respectively, 
and the rest as before ; then, 

P = a + (;? — 1) rf, and Q := a + {q — V) d\ 

P- Q 

whence P — Q =^(j> — q)d, and .'. d = _ ; 

/. a = P - (;, - 1) rf = P - ^^ (P - Q) 

^ ^ p — 9 

^Q(p-l)-P( g-l) 
P-9 
Hence, the first term and common difference being found, 
the series may be determined. 

Moreover, the n^ term = a + {n — I) d 

^ Q(p-n)-P ( g-n) , 
p -q 

n 

and the sum of n terms = - \2a 4- (n — I) d] 



2 

n f Q(2p- n>-- 1) -P(2^~ n - 1) 
2 1 . />-^ 

GEOMETRICAL PROGRESSION. 



} 



163. A Geometrical Progression is a series of quantities 
in continued proportion, which therefore increase or decrease 
by a common ratio. 

If a be the first term and r the common ratio, the series 
will be a, ar, ar*, ar^, &c. 
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„ or of^ ar^ 



a ar ar* 



or a : ar :: ar : ar^ : : ar^ : ar^ &c. 

IG^. Hence, if the series be given, the common ratio may 
be found by dividing the second term by the first, or any 
other term by that which immediately precedes it. 

165. If quantities be in geometrical progression^ their dif- 
ferences are in geometrical progression. 

Let /I, ar, ar*, ar', &c. be the quantities : their diflerences 
ar — a, ar'^ '— ar^ ar^ — ar^, &e. form a geometrical pro- 
gression, whose first term is ar — a, and common ratio r. 

166. Quantities in geometrical progression are proportional 
to their differences. 

For, Of ar, ar^y ar^, &c. being the quantities, 

a : ar :: ar — a : ar^ — ar :: «r^ — ar : af^—ar^ &c. 

1 67. In any geometrical progression^ the first term is to 
the third, as the square of the first to the square of the second. 

Let a, ar, or*, ar^y &c. be the progression ; then 

a I dr^ I ; a^ : a^r\ 

In the same manner it may be shewn, that the first term is 
to the {n + 1)'^, as the first raised to the n^ power, to the 
second raised to the same power. 

168. The terms taken ai eqwd intervals, in a geometrical 
progression^ are in geometrical progression. . 

For, of the progression a, ar, ar^, ...ar", ...ar*", ... &c. 
the terms a, ar**, ar^", &c., taken at the interval of n terms, 
form a geometrical progression, whose common ratio is r*. 
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169. To find the sum of a series of quantities in geometrical 
progression^ 

Let S represent the sum, a the first term, r the common 
ratio, / the last term, and n the number of terms; then 
/ = or""', and 

/S' = a + or + ar* 4- ... + or""* + ar^-^ ; 

/. rS z=ar ^ ar^ + ar^ 4- ... 4- flr"-> + ar», 

and, subtracting the upper line from the lower, 

(r — 1) 1$^= — a + ar^ 

j.e »*— 1 ^ rl -- a 

and .,0 = — , or . 

r — 1 r — 1 

EXAMPLES. 

(1) Required the 7*** term, and sum of 7 terms of the 
series 1, 2, 4, &c. 

Here a=l, r=2, «=7; whence, putting / for the 7^^ term, 

/ = ar»-»=: 2« = 64; 

and S—a '""^ -^ = 2'-. 1 = 127. 

r — 1 

(2) Find the «*^ term and the sum of n terms of the series 

C* -J?*, C + iT, , &c. 

c — a? 
In this case 

« = ^' - ^^ ^'^^ '^ = ^-^2 = e-irS (Art. 164); 



(c — a:)"- » 
— ^g + ^) (g — ^) _ c -f ar 



(c — a:/-> (c — a:j«-2 ' 

p2 
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1 



and ^ = g "^^^^ = (c^ - x^) ^"^ 7 "^^ 

r — 1 ^ '^ 1 



— 1 



— 1 



— a? 



c-l-a? l-,(c— ar)" c + a: (c— a?)»— 1 

or 



(€?-«)«-«• l-(c-ar)' (c-a-Z-a- c._a,_i • 

(3) Given S, r, n, to find a. 

r" -- 1 r — 1 

/S' = (I r- ; whence a = ~ S. 

r-— 1 r» — 1 

(4) Given iS', r, /, to find a. 

r/ — a 

aS' = ; whence a =: rl — (r — I) S, 

r — 1 

(5) Given S, a, r, to find n. 
r^ — 1 , ^ « 



S 



a -— ; whence r»=:- (r— 1)+ 1. 

T* — 1 a 



From this equation n may be obtained, but its solution 
generally requires the aid of Logarithms, 



EXAMPLES FOR PRACTICE. 

(1) Required the 12* term, and the sum of 12 terms of 

the series 1, 3, 9, 27, &c. 

Ans. 177147, and 265720. 

(2) Find the sum of 10 terms of the series 1, §, g, ^, &c. 

Ana 9 18659 

(3) Required the sum of 6 terms of the series 1, — |, 

9 27 «-« A„jt 481 

1 

(4) Given a, n, /, to find r, Ans. r = f- J 
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n n 

/n-l — fli-l 

(5) Given a, n, /, to find S. Ans. S = -j p- . 

(6) A population, which increased every year in the same 
proportion, in four years became from 10000 to 14641. By 
what part did it increase yearly ? Ans» By the 10* part 

(7) What is the sum of n terms of the geometrical pro- 
gression n, 6, — , ... -—5 1 Ans. — . 

170. To find the sum of a decreasing Geometrical series, 
continued in infinitum. 

When r is a proper fraction, as n increases, the value of 
r«, or of ar^, decreases, and when n increases without limit, 
ar^ becomes less, with respect to a, than any magnitude that 
can be assigned ; whence 

o = — :, , or 



r - r 1 - r 

This quantity, which we call the sum of the series, is the 
limit to which the sum of the terms approaches, but never 
actually attains : it is however the true representative of the 
series continued sine fine; for the division of a by 1 — r will 
reproduce this series. 

If r be > 1 , the terms continually increase, and therefore 
the sum of an infinite series of such terms is infinite. 

EXAMPLES. 

(1) Required the sum of the series 1, J, ^, &c. in inf. 

Here a = 1, and »• = ^ ; 
_^ a 1 
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(2) Sum the series 1 — ^ 4- J - |^ + &c. m infinitum. 

Here a = 1, and r = — ^; 

(3) The sum of a geometrical series is 27, and the com- 
mon ratio f ; what is the first term ? 

Here ^ = 27, and r = | ; 

therefore by substituting these values in the general formula 



S = , we have 

1 - r' 



a 

27 = 



whence a =: 27 — 18 = 9, 

EXAMPLES FOR PRACTICE. 

(1) Sum the series ^ + i + i + &c. tw infinitum. 

Ans. S =s I. 

(2) Sum the series 40 17I 4. 7g — &c. in infinitum. 

Ans. 28. 

(3) The sum of n terms of a geometrical series is 

, Y. ~" ^ — , and the common ratio — 1 / - ; find 

V'a;" y/x ■\' y/a y ^ 

the series. Ans. -^ - — + —^ ^- + &c. 

171. To insert an^ number of geometrical means between 
any two given quantities. 

Let a and I be the two given quantities, m the number of 
means required to be inserted between them ; then, since the 
number of terms = m + 2, 



165 



/ = flr»-> = flr-+> ; and 



••• ' = 0"- 



and r being thus fouDd, the means may be determined from 
the series o, or, or-, ur^, &c. 

Ex. Insert three geometric means between 39 and 3159. 
Here a = 39, / = 3159, and m = 3 ; 
/. 3159 = 39H 

••■ ' = C-^7 = <-)- - 

whence the series is 39, 117, 351, 1053, 3159. 

EXAMPLES FOR PRACTICE. 

(1) Find three geometric means between 9 and g. 

Ans. 3, 1, 3. 

(2) The first and sixth terms of a geometrical series are 1 
and 2 ; required the series. 

Ans. 1, 2^ 2*, 2% 2% 2, &c. 

172. Ani/ two terms of a geometrical progression and their 
places being given^ to find the series. 

Let the /)*^ and q^^ terms be P and Q, respectively, and 
the rest as before; then P = ar'S^''^^ and Q = ar^"^ ; 

1 

P /P\P-9 

whence — = rP"«, and /. r = [ — 1 

p-i 1 



also a = ^^-, = Py =(^pij : 

and, the first term and the common ratio being determined, 
the series becomes known. 
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pf-^j ; and the ram of n terms = 

173. The saccessiye periods ot Recurring Decimah^ taken 
separately, fonn geometrical progressions, having, respec- 
tively, either — , or some power of it for their common 

ratios. Thos, 

3 3 3 

.333 &c. = — + T^ + 77^3 + *^- *** infinitum, 

.231231 ^'^- = To^ "*" 10« To» "*■ *" tnfinthim. 

Their sums may therefore be expressed by vulgar frac- 
tions, by means of the general formula of Art 170; but in 
practice the most convenient methods are those explained in 
the Arithmetic t putting ^S^ for the value of the required frac- 
tion. The generality of these methods may be shewn as 
follows. 

(I) To transform ,PPP,,, in infinitum, where P contains 
p digits, to its equivalent vulgar fraction. 

If ^= .PPP... 
then will IOpS = P.PPP... 
.'. by subtraction, {10^-1)S = P 

whence S ^ -^ . 

(2) To transform .PQQQ,., in infinitum^ where P and 
Q contain p and q digits respectively, into its equivalent 
vulgar fraction. 
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Let S = .PQQQ... 
.-. Kf+^S— PQ.QQQ... 
and 10''aS'= P.QQQ.,. 
.\ (l(y+« — lO'j S = PQ — P 

whence *S' = t±-.\^- = 7^ , 

lOP+9 — lOP 10P(10«— 1) 

We shall here introduce the proofs of the rules for the 
Multiplication and Division of Decimals, 

174?. To prove tlie rule for the Multiplication of Decimals. 

Let .iHf be the multiplier and .^the multiplicand, and let 
them contain m and n decimal places respectively ; then 

.M =z ~—-f and .N = -—-, 
10"* 10" 

„ AT M ^ N MN 
whence .iH x .-^ = tttt X ttt. = z ; 

from which we deduce the general conclusion, that the mul- 
tiplication of decimals is performed as in whole numbers ; 
and that the product contains as many decimal places as the 
multiplier and multiplicand together. 

175. To prove the rule for the. Division of Decimals, 

Let .ilf be the dividend and ,N the divisor, and let them 
contain m and n decimal places respectively ; then 

Ti^ ^ A AT ^ 

smce .M = -— - and .iv = — , 

10'» lO^ 

.M M , N M lOn M 1 M ,^^ 

.N ~ lO'" • io» io'« iV' ^' 10"*-* "^ i\r ^ '^ ' 

according as m is greater or less than n. 
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First, let m be greater than n; then it is evident, that after 
the division is effected as in integers, the quotient must con- 
tain m — n decimal places. Next, let m be less than n, then 
it appears that we must affix to the quotient n ^ m ciphers, 
and that the result will be an integer. « 



HARMONICAL PROGRESSION. 

176. An Harmonical Progression is a series of quantities 
of which, if any three consecutive terms be taken, the first is 
to the third as the difference between the first and second is 
to the difference between the second and third. 

Thus, if a,, a^y a^, a^, &c. be the consecutive terms of an 
harmonical progression, 

«2,-«4"S — «3*«3 - «4' *C- 

177. The reciprocals of quantities in harmonical progres- 
sion are in arithmetical progression. 

For, let a,, a^, a^^ a^, &c. be the quantities ; then 

fl, : ^3 : : «, — a^ : a^ — «3» 

.*. a^a^ — a^a^ = a^a^ — o^a^ 

and dividing by af^n^, 

1111. 

= — — — = d, suppose ; 

«3 «2 ^2 «i 

similarly, — = — =S, &c. 

«4 «3 ^3 «2 

The quantities — , — , — , — , &c. therefore form an 

a, ^2 ^3 "4 

arithmetical progression, whose common difference is h. 
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178. Hence, if a^ be the n^ term of an harmonical 

progression, — will be the «* term of the corresponding 

arithmetical progression: and any number of harmonical 
means between a, and a„ will be the reciprocals of the same 

number of arithmetical means between — and — . 



VARIATIONS, PERMUTATIONS, AND 
COMBINATIONS. 

179. The different orders in which any given number of 
quantities can be arranged, when only part of them are taken 
together, are called their Variations, 

Thus, the variations of a, b and c, taken two and two 
together, are aby ac^ ha^ be, ca and cb, 

180. The different orders in which any number of quan- 
tities can be arranged, when the whole are taken together, 
are called their Permutations, 

Thus the permutations of a and b are ab and ba ; of a, 6 
and c are abc, acb, bac, bca, cab and cba. 

Without attending to the above distinction, the terms 
Variations, Permutations, Changes, &c. are frequently used 
promiscuously. 

181. The different collections that can be made of any 
given number of quantities, without regard to the order in 
which they are placed, are called their Combinations. 

Thus, aby ac and be are the combinations of the three 
letters a, b, c, taken two and two ; ab and ba^ though dif- 
ferent variations, forming the same combination. 
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182. The number of variations' of n things, taken r and r 
together, is denoted thus, »* Vr ; the number of permutations 
of n things thus, ^P; and the number of combinations, when 
they are taken r and r together, thus, "C,.. 

183. To find the number of variations of n different 
things, taken r and r together. 

Let a,, dj, 03, ...a^ represent the n things whose variations 
are required. 

Then the number of variations, when the quantities are 
taken separately, is clearly n. 

Also, the number, when they are taken two and two 
together, is n(n— I); for a, may be placed before each of 
the rest, and thus form n—\ variations, two and two, in 
which a^ stands first: and the same may be done with 
Og, Uy ia^i ... a,^, when there will be » — 1 variations in which 
each stands first ; and therefore on the whole there will be 
71 (n — 1) such variations ; or " Fj = w (ti — 1). 

Again, the number of variations, when they are taken 
three and three, is w(« — 1) (w — 2); for, since it appears 
that there are n(n^ 1 ) variations of n things taken two and 
two, there are (w— 1) (w — 2) variations of the (»— 1) things 
Cg, 031 «4> ... «„> taken two and two together; and by prefix- 
ing a, to each of these, there will be (n— 1) (n — 2) varia- 
tions of n things, taken three and three, of which a, stands 
first : and since there are the same number of variations in 
which flf2» ^3» ••• ^n respectively occupy the first place, there 
are on the whole n (n — 1 ) (» — 2) variations of n things 
taken three and three ; or " F3 = n (71 — 1 ) (n — 2). 

By a similar process of reasoning, we should obtain for 
the number of variations of n things taken four and four 
together, n (n— 1) (n — 2) (w-S); where there are four 
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factors which are the natural numbers descending from n : 
and the law which is thus found to hold for the number of 
variations of n things taken two and two, three and three, 
four and four together, may be extended by induction to 
the expression for the number of variations, when any re- 
quired number (r) are taken together . 

In order however to demonstrate the correctness of this 
induction, we must shew that, if this law be true for any one 
class of variations, it is true for the next class. 

Assuming, therefore, that 



«F^=n(n-l)(«-2) ... (n-r-1); (a) 
it is required to prove that 

»F^, = n(»-l) (n— 2) ... (n-r). 

Omitting a^, and forming all the variations of the n — I 
remaining quantities, a^, a^t ... ei«, taken r and r together, 
the expression for their number will be found by putting 
ft — 1 in the place of n in the formula (a), or, which is the 
same thing, by subtracting 1 from each of its factors, when 
it becomes 

(«-_!) («— 2) (w — 3) ... C«~r): 

before each of these variations a, may be placed, and there 
will therefore be (n— 1) (« — 2) (« — 3)...(«— r) variations in 
which a^ occupies the first place : there will clearly be the 
same number of such variations in which each of the remain- 
ing letters stands first; and therefore the whole number of 
variations is n times that number ; or 

«F,^, = n(n-l) (n-2) ... (»-r). 

The law of the formation of the expression for the number 
of variations, if true for one class of variations, is therefore 
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true for the next class : and it has been shewn to be true 
when n things are taken two and two, and three and three 
together, it is therefore, by successive inferences, true when 
any required number (r) of them are taken together. 

Ex. Let there be five things ; then, by the above formula, 
we shall have 

*F, = 5, ^Fg = 5A =: 20, sFg = 5A3 = 60, 

*F4 = 5.4.3.2= 120. 

184. If r = n, or the variations become permutations, 
we have 

•P=n(»-l)(«-2)... 3.2.1, or 1.2.3 ...». 

Ex. How many changes may be rung on eight bells ? 
Here ^P=8.7.6.5. 4.3.2.1 =40320, the number required. 

185. To find an expression for the number of permtOations 
of n thinys, when p of them are of one hind, q of another, r of 
another, &c. 

The expression for the number of permutations, supposing 
them all different from each other, is 1.2 ... n: if p of these 
quantities become identical, the permutations which arise 
from their interchange with each other, 1.2 .../> in number, 
for any assigned position of the other quantities, are reduced 
to one : the number of permutations, therefore, when all bf 
them are different, is 1.2 .../> times as great as when p of 
them become identical : whence 

• 1.2 ... n 
1.2 .../? 

is the expression for tlie number of permutations when p of 
them are alike. 
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If, in addition to p quantities which become identical, 
there are g others, which, though different from the former, 
are identical with each other, then there are 1.2 ... ^ permu- 
tations corresponding to their interchange with each other, 
which are reduced to one, for any given position of the 
other quantities : the expression for the number of permu- 
tations under these circumstances, therefore, becomes 

1.2 ... n 
1.2 ... /7.1.2 ... g' 

In the same manner it may be shewn that if, besides these, 
there are r other identical quantities, the expression becomes 

1.2 ... n 
i<^ .a.^. 1.^ ... g»L*^ ... T 

and so on for any number of identical quantities. 

EXAMPLES. 

(1) To find the number of permutations (P) of the letters 
in the word Algebra, 

In this case n = 7, and the a appears twice ; 

1.2 

(2) To find the number of permutations of the letters in 
the product a'^b^d* written at full length. 

Here » = 9, and the letter a appears twice, b three times, 
and c four times ; 

• p - 9 8.7.6.5.4.3.2.1 _ 
*• ^~ 1.2.1.2.3.1.2.3.4 ~^^^°"' 



q2 
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EXAMPLES FOR PRACTICE. 

(1) Find the number of permutations of the letters in the 
word Analysis, Ans. 10080. 

(2) Find the number of permutations of the product 
aftV. Ans. 60. 

(3) What is the number of permutations of a and b in 
the expression a"-'-^'-? n(n- 1) ... ( n-r^) 

'^'^' 1.2.3 ...r • 

The answer to this question, it may be observed, will be 
found to correspond with the expression for the number of 
combinations of n things, taken r and r together. 

186. To find the number of combinations of n things taken 
r and r together. 



Now, » F^ = » (w- l)(n -2) ...(«— r—1); 

and each of the combinations in "CV admits of as many per- 
mutations as the r quantities in one of them will form, that 
is, of r(r ^ 1) ... 3.2.1 permutations; hence, 

''CrXr(r— 1) ...3.2.1 

= «F^ = n(«-l) («-2) ... (n-f^); 



and .'. nc^^^(^'-0(^;^)-(^-^-^). 
' 1.2.3... r 

Ex. 1. How many ternary combinations, that is, when 
taken three and three, can be made with the twenty-six 
letters of the Alphabet? 

Here n == 26, and r = S; 

" ^ 1 X2x3 
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Ex. 2. Of 100 soldiers, in how many ways can 4 be taken 
for sentinels ? Ans. 3921225. 



,«^ o- «x^ n(n- 1) ... («— r — 2) (w-r— 1) 

187. Since «C,= -i L_A^^^__)L >, ,e 

have, by writing r — 1 for r, 

_ «(»-!) ... (t»-r"33) («-,::i2) 
'-'~ 1.2...(r-2)(r-I) 

and .-. «C, = "C- X "~^''~'^ ; 

whence it appears that, in forming these combinations, we 

may form the second and each succeeding combination by 

multiplying that which immediately precedes it by the frac- 

»— (r— 1) 

tion ^^ . 

r 

Ex. Let »=6, and r=: 1, 2, 3, 4, 5, 6, successively ; then 

«e,=:6, «(72=6xi=l5, 6^3=15x^=20, 

6(74=20x1=15, 6^^^:^15x1=6, 6Cg=6x^=l. 

188. If of n quantities a,, a^, a^ ... a„, we form a single 
combination by taking r of them, the remaining n — r quan- 
tities will form a supplementary combination : and this will 
be the case for every combination formed by taking r out of 

,n quantities: hence, there will be as many supplementary as 
primary combinations, or "C^ = ^Cn^r* 

This may also be seen by putting n-r for r in the expres- 
sion for "C^. 

1 89. To find the value of r that "C,. may be the greatest 
possible, 

TO. ^, ' r nr* u- u • « (w—l )...(«— r—i) 

If m the expression for "C,^ which is i o o — > 

1. 9^mt3 . . . f 

we make r = I, 2, 3, &c. successively, it will increase 
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until the additional term introduced into the numerator 

becomes equal to or less than the corresponding additional 

term in the denominator : now, the r^ term of the numerator 

is n — (r-' 1), and the corresponding term in the denominator 

is r; if these be equal to each other, or n — r-j-lss**! we have 

n+l 
i^= ; and since r is a whole number, n must be an 

odd number : there is, therefore, in this case, the same num- 
ber, and also the greatest number, of combinations, when 

r = — ^- and when it = ~- — such combinations being 

supplementary to each other. 

If n be an even number, the number of combinations is 

greatest when r = - : for, in this case, n — r + 1 becomes 

ft n 

- + 1> which is greater than the corresponding value of r, or -; 
iu ^ 

whilst the next succeeding value of n — r -|- 1» which is - , 
is less than the corresponding value of r, or of the last term 
of the denominator, which is - + 1. 

Ex. 1 . Of nine things, how many must be taken together, 

that the number of combinations may be the greatest possible ? 

If r be the required number, since the given number of 

things (n) IS odd, we may have r= — — - or — — - =4 or 5; 

the number of combinations in either case being 126, which 
is greater than when any other numbers are taken together. 

Ex. 2. Of six things, how many must be taken together, 
that the number of combinations may be the greatest possi- 
ble? Ans, 3. 
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LOGARITHMS. 

190. The value of a; which satisfies the equation a^=n is 
called the Logarithm of n to the base or radix a. 

Thus, if we suppose a= 10 and n =. 100, 1000, &c. suc- 
cessively, then, since 100 = 102, 1000= 10^ &c., we shall 
have log 100 = 2, log 1000 = 3, &c., and consequently the 
logarithm of any number intermediate to 100 and 1000, or 
to 1000 and 10000, &c., some mixed number between 1 and 
2, 2 and 3, &c.; as log 15 = 1.760913, (loy-'^^ogis b^jng 
nearly equal to 15. 

191. The indices of the same base, corresponding to the 
successive values of n, constitute what is called a system of 
logarithms. 

Thus, if the base be 10, which is the base of our scale of 
numeration ; the indices form the tabular system, being those 
which are registered in the ordinary tables of logarithms. It 
is also called Briggs* system. This system is used exclu- 
sively in arithmetical calculations. 

If the base be 2.7182818..., which is the sum of the series 

^+' + 1^2 + n^ + 1X2X3X4 +- •«'«>^'»' 

the corresponding indices form the Napierian system, the 
base being selected by Lord Napier, the inventor, of loga- 
rithms. This system is almost exclusively used in algebraical 
formulae, and the base is briefly represented by the letter c. 

192. Since a°=: 1, whatever be the value of a, (Art 51), 
log 1 = in any system. 

193. The quantities e and 10 are the only bases of loga- 
rithmd which are used in analytical enquiries, although the 
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symbol a is employed in general algebraical investigations to 
denote any base whatever, whether different from e and 10, 
or the same. 

1 94*. Systems of logarithms are variously distinguished by 
different writers. 

Thus, for the common, Briggs', or tabular logarithms, we 
find Com. log n, Brigg. log n, t log n, &c. 

For the Napierian, which are also called Natural and 
Hyperbolic logarithms, 

Nap. log n, Nat log. n, Hyp. log n, &c. 

But the following notation is now frequently used, when 
the distinction is required : 

J«>gio«> ^^g#^» ^og^n, 
according as the base is 1 0, e, or a. 

195. The logarithm of any quantity being such an index 
as makes, the corresponding power of the assumed base equal 
to that quantity, the properties of logarithms are the pro- 
perties of the indices of the same base. Hence, 

(1) In any system, the logarithm of a product^ consisting of 
any number of factor s^ is equal to the sum of the logarithms of 
thosefactors. 

For, if a be the base of the system, and x, x*, xf, &c , the 
logarithms of n, n', n", &c., we have, by definition, 

n=a^ n'=a*', ri' ^a^\ &c. 
whence nri'n° . . . = a^a'-'a^" . . . = £|*+«'+*" ^ ^ ^ 
and .'. log («nV...)=ar-ha?'+«" + &c. 

=log w 4- log vl 4- log n" 4. &c. 

(2) The logari^m of a fraction is equal to the logarithm of 
the numerator minus the logarithm of the denominator. 
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For, if X and y be the logarithms, to the base a, of 

n and d^ 

then, w = fl* and d=zay; 

n __ a' 



• _ = — = fl'-y. 



and .•. log - = a? — y = log n — log d. 

(3) 7%c logarithm of any power or root of a quantity is 
found by multiplying or dividing the logarithm of that quan- 
tity by the exponent of the power or root. 

For, if w r= «^, then nv = aP', 
or log n^ = px •= p log n. 

-'- 1 1 

Similarly, log «''=-«=: - log n, 

p 
Also log n^ = - a: = - loe w. 

196. Hence, by means of the tables containing the arith- 
metical values of the logarithms of numbers, the operations 
of multiplication and division of numbers are reduced to 
those of addition and subtraction, and the operations of in- 
volution and evolution to those of multiplication and division. 

197« In the common logarithmic tables, the decimals only 
of the logarithms are inserted, and the integral part, which is 
called the index or characteristicy is omitted, being always 
known from the number itself, whose logarithm is sought ; 
for, if this number consist of two integral figures, it must be 
either 10 or some number between 10 and 100; and, conse- 
quently, its logarithm must be either 1 or between 1 and 2, 
the integral part, therefore, must be 1. In the same manner, 
if the number consist of three integral figures, the integral 
part of its logarithm must be 2, &c., so that the index, or 
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characteristic, is always 1 less than the number of integral 
figures in the number itself. 

On the same principle, if the first significant figure on the 
left hand be in the place of tenths, the index of the logarithm 
will be — 1, or if it be in the place of hundredths the index 
of the logarithm will be — 2, and so on. But the negative 
sign is usually written over the index. 

198. Hence it follows, that the logarithm of any number 
and the logarithm of ten times that number, difier only in 
the characteristic ; so that the decimal parts of the logarithms 
of all numbers, consisting of the same figures, are the same. 
Thus 

log 185=2.2671717, 

185 
log 18.5 = log — = log 185— log 10==1.2671717, 

185 
log 1.85 = log — =log 185- log 100=.2671717, 

185 — 

log .185 = log -—- =log 185-log 1000=1.2671717, 

1000 

185 
log .0185=log -— ^ = log 185-log 10000=2.2671717, 

10000 

and so on. 

199. By means of logarithms we may easily solve the 
following exponential equations. 

(1) a' = 6. 

ar log a = log b, and .'. x = —^ . 

log a 

(2) a»' = c. 

log c 
Putting y for 6*, we obtain y = = d, suppose, 

whence 6* = d, and .". ar = , , . 

log 6 
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INTEREST AND ANNUITIES. 

200. In discussing these subjects, we shall put / for 
interest, P for principal, M for amount, r for the interest of 
£l for one year, and n for the time for which the interest is 
to be calculated. 

201 . To find the amount of a given sum in any time at 
simple interest. 

Interest of £1 for one year = r ; 

/ £P = Pr, 

two years = 2Pr, 

• ■ ••• ••« ••• ••• ••• ••• ••• ••• ••• ••• ••• •••••• •• 

and, generally, the interest (/) of £P for w years =: Pm\ 
.'. M^I ^' P= Prw + P = P(m + I). 

202. Any three of the quantities M^ P, r, n being given, 
the fourth may be found from the equation 

M =:P(rn -^ 1). 

203. Since r is the interest of £l for one year, lOOr is the 
interest of £ 100 for one year; 

rate per cent 
•'• ^^ 100 • 

204. To find the amount of a given sum at compound 
interest. 

Let R=\ -f- r; then PP will be the amount of P pounds 
at the end of one year, which then becomes the principal 
upon which interest is to be calculated for the ensuing year ; 
so that, putting PP for P, we shall have, for the amount at 
the end of two years, PP^ : in the same manner PR^ will be 

R 
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the amount at the end of three years, and, generally, at the 
end of ft years we shall have 

whence, taking the logarithms, we get 

log i!!f = log P -I- « log R\ 

an equation, from which, any three of the quantities involved 
being given, the fourth may be found. 

205. To find the amount when the principal is increcued, 
not only by the interest, but also by some other sum at the 
same time. 

The amount of the original principal P in n years is PJR", 
and if A be the sum which is continually added, the first A 
\ will be at interest n — 1 years, the Second n — ^ years, &c.; 
whence the sum of their amounts will be 

or A (/?»-» + i2»-2 4- ... + 1), 

which, by taking the sum of the geometrical progression 

R^ — 1 

within the parenthesis, is equal to A -^ — ~ * 

JR»— 1 

/. the whole amount is PR^ -f A -^ — -r • 

JK — 1 

"^ i?" — 1 

206. If P = 0, we have M = A -^ — - ; which is an 

expression for the amount of an annuity (A), at compound 
interest, left unpaid for n years. 

207. If p be the present value of the annuity A for n 
years, p must be a sum which, at compound interest for 
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n years, would amount to the same sum as the annuity : that 
is, we must have 

i-i- 

i?" — 1 72" 



DISCOUNT. 

208. Let A be the sum due, P the present worth, and 
r, Ry n as before : then 

( 1 ) At simple interest, 

^ = P(l 4 r«) 

A 



• P — 



1 4- m* 



and Discount = A — P z=z A — 

1 -f r/i I ■{- rn 

(2) ^/ compound interest^ 

A = /^72«. 

.'. Discount =^ — P=:^ — ---. 



EQUATION OF PAYMENTS. 

209. To find the equated time for the payment of two sums 
P, F, due at the times n, n' with compound interest. 

Let X be the time required ; then 
the interest of P for time x—nz=:P (P^-« — 1), Art. 204-, 

and the discount of P' for time n'-~x=P' f l— ) • 
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or P (i?'*'-" - i?"''') = P' C^"'"" - 0» 
that is, P + Pi?"'- = (P 4- i^) P"'-", 

an equation from which x may be obtained by the aid of 

logarithms. 



THE END 
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T%€ foUotoing are the Subjects of Examination in 
Arithmetic and Algebra for the Degree of B.A, 
of persons not candidates for Honours. 



ARITHMETIC. 

Addition, Subtraction, Multiplication, Division, Re- 
duction, Rule of Three ; the same rules in Vulgar and 
Decimal Fractions; Practice, Simple and Compound 
Interest, Discount, Extraction of Square and Cube 
Roots*, Duodecimals. 

ALGEBRA. 

1. Definitions and explanations of algebraical signs 
and terms. 

2. Addition, subtraction, multiplication, and division 
of simple algebraical quantities, and simple algebraical 
fractions. 

3. Algebraical definitions of Ratio and Proportion. 

4. If a : b : : c : dy then ad = be, and the converse : 

also b : a :: d : c, 

and a : c :: b : d, 

and a + b : b :: c + d : d. 

• Vide Jlgebra, pp. 66 and 72. 



5. If a : 6 :: c : rf, 
and c \ di: e ify 

then a\h \\ e \f, 

6. \i a\h\\c\dy 
and b I e M d : fj 

then a : e :: c :y. 

7. Geometrical definition of Proportion. 

(JEtic, Book V. Def. 5.) 

8. If quantities be proportional according to the alge- 
braical definition, they are proportional according to the 
geometrical definition. 

9. Definition of a quantity varying as another, .di- 
rectly, or inversely, or as two others jointly. 



v^ 



